Historical Contributions of Different Cultures to
Mathematics

Authors:

Kabiru Abubakari
Zahraa Al-Mahdawy
Asya Bagan
Shaivi Darsi
Jakub Dobrowolski
Claudia Garetto
Akiva Harris
Yuhan Li
Norberto Lucero Azuara
Jordan Marajh
Ivelina Mladenova
Christo Morison
Adam Onus
Maria Fernanda Pintado Serrano
Silvia Rognone
Robert Sansom

2024 - 2026

&
%Qf Queen Mar

University of London



Contents

1

2

Introduction 3
The Pythagorean Theorem 4
2.1 HIiStOry . . o o e e e e e e e e e e e e e 4
2.1.1 Babylonia. . . . . . e e e e 4
212 China . . . o e e e e e 5
213 Indid .. e e e e 6
2.1.4  Pythagoras . . . . . . e e e e e e e 6
2.2 Different proofs of the Pythagorean Theorem . . . . . . . . . . . . . . . i 7
2.2.1 PresidentGarfield’sproof . . . . . . . ... e 7
2.2.2  Similarity of trianglesproof . . . . . . . L 8
223 Thefoldingbagproof . . . . . . . . . e 9
2.2.4 MissAnnCondit’sproof . . . . . . . . . e e 9
2.3 Relatedresults . . . . . . L L e e e e 10
2.3.1 Fermat’sLastTheorem . . . . . . . . . . e 10
2.3.2 Archimedes’ approximationofm . . . . . . .. . ... e 11
233 Heron'sformula . . . . . . . e e 12
2.3.4 Thediagonalofasquare. . . . . . . . . e 13
Irrational Numbers 14
3.1 Whatareirrational numbers? . . . . . L e 14
3.1.1 Whyareirrationalnumbersuseful? . . . . . . . ... 14
32 V2 14
3.2.1 Proofthatv2isirrational . . . . . . . . . 14
3.2.2 The Babylonian Clay Tablet YBC-7289 and Irrational Numbers . . . . .. ... ... ... ... 15
3.2.3 Baudhayanaapproximation . . . . . . . ... e e e e e e e 15
0 S 17
3.3.1 ApproximationsinChina. . . . . . . . . ... e e 17
3.3.22 Ramanujan’swork . . . . . . e e e e e e e e e e 18
3.3.3 Applications of 7 across different cultures, fields,and times . . . . . ... ... ... ..... 19
3.4 Rootsof polynomialequations . . . . . . . . e e 21
3.4.1 Al-Khwarizmicompletingthesquare . . . . . . . . .. .. . . 21
3.4.2 OmarKhayyamcubicequation . . . . . . . . . .. 22
Laws, Limits, and Randomness: A Mathematical History of Probability 25
4.1 HistoricalContext . . . . . . . . . L 25
4.1.1 TheArithmetic Triangle Across Cultures . . . . . . . . . . . . o i i i i 25
4.1.2 Gamesof Chance and the ProblemofPoints . . . . . ... ... ... ... .. ......... 26
4.2 TheLawoflarge Numbers . . . . . . . . o e e 29
42.1 EarlyFormulation . . . . . . . e e e e 29
422 TheWeakLawsofLargeNumbers. . . . . . . . . . . e 29
4.2.3 Kolmogorov’s Strong Law of Large Numbers (1933) . . . . . ... .. .. ... .. . ... ... 31
4.3 TheCentralLimitTheorem . . . . . . . . . e e e 32
4.3.1 First Glimpse of the Bell Curve: De Moivre-Laplace Theorem . . . .. ... ... ... ..... 32
432 Generating functions (1749-1827) . . . . . . . . . o i i e e e 33
4.3.3 Shapingthe Bell Curve: Gauss and the Least SquaresMethod . . . . . . ... ... ... .... 34
4.3.4 Unveiling the Universal Bell Curve: Central Limit Theory . . . .. ... ... ... .. ..... 34
4.4 Applications. . . . . . e e e e 36
4.4.1 TheSt. Petersburg Paradox (1713-1738) . . . . . . ¢ v v v i i e e e e e e e e e 36
4.42 Brownian Motion as a Scaling Limitof RandomWalks . . . . .. ... ... .. ......... 37
443 MarkovChains . . . . . . o i e e e e e e 38
444 Monte Carlointegration . . . . . . . . . .. e 38
445 Conclusions . . . . . e e e e 39

e

History of Maths ‘c‘, f Queen Mary

Page 1 University of London



5 Algorithms for Solving Algebraic Equations 40

5.1 Thehistoryofdivision . . . . . . . . e e 40
5.2 Euclid’sAlgorithm . . . . o L e e 40
5.2.1 TheHistory of Calendarsand Astronomy . . . . . . . . .. .. .. ... ... ... 40

5.2.2  Greatest Common DivisSOrs . . . . . . . . .. e e e 42
5.2.3 Mathematical formulation of Euclid’s algorithm . . . . . . .. .. ... ... .. .o ... 42

5.2.4 Connecting Euclid to theIslamicGoldenAge . . . . . . . . . . ... . . . ... 43

5.2.5 Modern Generalisations . . . . . . . ... e e 44

5.3 Chinese Remainder Theorem . . . . . . . . . e e e e 44
5.3.1 Diophantineequations . . . . . . . . ... e e 44
5.3.2 Some history of Chinese mathematics . . ... ... ... ... .. ... ... .. . . . . ... 45

5.3.3 SunZi’sremainderproblem . . . . . ... e 45

5.3.4 Indianworkontheproblem . . . . . . . . ... e 46

5.3.5 Advancesinthe17th-19thcenturies . . . . . . . . .. .. ... 47

5.3.6 Diophantine equationsobservedinnature . . . . . . ... ... ... .. .. 48

6 Calculus: A Global History of Change, Motion, and the Infinite 49
6.1 Whatiscalculus? . . . . . . L e e e e e 49
6.2 The beginnings of calculus: exhaustion, approximation, and curved shapes . . . . ... ... ... .. 50
6.3 Infinitesimals, indivisibles, and tangentproblems . . . . . ... ... .. . L o L. 52
6.4 Medieval Islamic mathematics and the prehistory of integration . . . . .. ... ... ... ...... 53
6.5 Indian mathematics and infiniteseries . . . . . . . . .. 56
6.6 Newton and Leibniz: two systematiccalculi. . . . . . .. ... ... . ... ... . 57
6.7 Calculus, education, and women mathematicians . . . . . . . . . . .. ... ... . o 60
6.8 Fromcalculustoanalysis. . . . . . . . . . e e e e e 62
6.9 Modern calculusand new applications . . . . . . . . .. e 64
6.10 Conclusion:whosecalculus? . . . . . . . . . e e 66
7 The Theory that would not die: Bayesian Probability 68
7.1 Was Bayes trying to calculate the existence of God in the 18thcentury? . . . . . . . .. ... ... ... 68
7.2 Laplace: Independently Developing and Extending Inverse Probability . . . . .. ... ... ... ... 69
7.3 Inverse probability in the nineteenthcentury . . . . . . . . . . ... ... 72
7.4 SowhatisBayes' theoremtoday? . . . . . . . . . . ... e e 73
7.5 From inverse probability to competing theories of statistical inference (c. 1900-1954) . . . . . ... .. 74
7.6 Bayesian inference at Bletchley Park: Turing, Good and Naval Enigma (c. 1940-1943) . . .. ... ... 76
7.7 Thecomputationalrevolutionin Bayesian inference: from Bayes’ theorem to algorithms (c. 1950-present) 78
7.7.1 Thecomputationalrevolution . . . . . . . . . . . .. 78

7.7.2 Themodellingrevolution . . . . . . . . . . e 79

7.7.3 Bayesianideas in machine learning and decision-making . . . . . .. .. ... 80

7.8 Conclusions . . . . . . L L e e e e e e 81

o

History of Maths ‘c‘, f Queen Mary

Page 2

University of London



1 Introduction

This year EDI project has been devoted to the contributions of different cultures and populations to important topics in
Mathematics. It therefore combines EDI with History of Mathematics and it aims to provide user friendly resources that
can beincluded in our teaching and outreach activities. It is part of a wider project and it is our intention to continue in
the next academic years. Keeping in mind the modules that we offer to our undergraduate students, we have decided
to start from the following two topics: the Pythagorean Theorem (Chapter 2) and the Irrational Numbers (Chapter 3). |
am very grateful to Professor June Barrow-Green (Open University, LSE) who has suggested several papers and books
relevant to this project. As always, nothing would be possible, without the dedication, hard-work and enthusiasm of
all the PhD students who took part in this project, who this year had the opportunity to collaborate as well with one
of our third year graduates and students ambassadors: Zahraa. Kabiru, Zahraa, Huda, Norberto, Jordan, Christo, Adi,
Maria, Silvia and Robert: thank you and well done!

| feel very lucky to be able to always count on you!

Claudia Garetto (S&E EDI Lead)
16/09/2024
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2 The Pythagorean Theorem

Related topics: Calculus, Geometry

2.1 History

The Pythagorean theorem, afundamental conceptin geometry, has a history reaching back thousands of years. Though
named after the Greek philosopher Pythagoras (ca. 570 BCE), evidence shows that the principle was understood and
applied long before his time. This section explores the intriguing story of the theorem, following its development from
ancient civilizations to its formalization by Pythagoras and beyond.

We look at early uses of Pythagorean triples - sets of three whole numbers that satisfy the equation a? + % = ¢
in Babylonian, Chinese and Indian mathematics. These examples reveal an intuitive understanding of right triangles,
even if the concept was not formally recognized as a theorem. Then, we delve into the evolution of the idea in ancient
Greece. Pythagoras, who emphasized the relationship between numbers and geometry, is credited with formally stat-
ing and possibly proving the theorem.

2

Results on Pythagoras

1. Babylon: Tablet YBC 7289 and Plimpton 322

2. China: kou-ku theorem

3. Alexandria:

Euclid proof Pythagoras theorem

Archimedes applies PT to find Pi

Pappus proves an extended version of PT

4. Harran mesopotamia: Ibn Qorra generalization of the PT

5. Venice: The first printed edition of the Elements

6. India: Baudhayana states the special case of the PT for the square

Figure 1: Map of the world with results on Pythagoras

2.1.1 Babylonia

The Fertile Crescent, spanning from the Euphrates to the mountains of Lebanon, birthed Mesopotamia, a prominent
ancient civilization in modern-day Iraq Maor [2019]. Discoveries of clay tablets reveal a sophisticated society skilled
in commerce, astronomy, arts, and literature. Notably, under the rule of Hammurabi, they created the earliest known
legal code, which can be found in the many archaeological clay tablets.

Aclay tablet, YBC-7289, dating back to the Old Babylonian period (1895-1595 BCE), stands as a testament to the in-
genuity of Babylonian mathematicians. Employing a unique number system based on 60, they inscribed an incredibly

. o
History of Maths \59_5’ Queen Mary

Page 4 University of London




accurate approximation of the square root of 2 on the tablet. This achievement rivals the precision of modern calcula-
tors. Besides that, YBC-7289 also hints at the Babylonian’s grasp of geometrical concepts, particularly the connection
between a square’s side and its diagonal, foreshadowing the Pythagorean theorem. The conclusion that Babylonian’s
knew of the Pythagorean Theorem relies on the fact that they wrote the relationship of length of the diagonal of a
square and its side, d = a+/2. Another significant find, Plimpton 322, lists Pythagorean triples (sets of integers a, b, ¢

Figure 2: Clay tablet YBC-7289 (Taken from Maor [2019]).

where a? + b? = ¢?), indicating Babylonian knowledge of algebraic methods centuries ahead of their time. Despite
missing sections, meticulous reconstruction efforts reveal its content, affirming Babylonian mastery in mathematical
theory.

While the Babylonians achievements in identifying Pythagorean triples are undeniably impressive, it’s important
to recognize that their method applied only to specific right triangles. Developing more general rules based on this
concept would require a more formal, mathematical proof, something that wouldn’t be achieved until much later.

2.1.2 China

Evidence indicates that Chinese scholars made significant contributions to the understanding of right triangles. Al-
though the Greek origins of the Pythagorean Theorem remain a subject of debate, there is a possibility that the Indian
mathematician Bhaskara’s work may have been influenced by earlier Chinese mathematics. This influence could be
traced back to the ancient Chinese text The Arithmetical Classic of the Gnomon and the Circular Paths of Heaven, which
is estimated to date to 1100 BCE. This text likely encapsulates the cumulative mathematical knowledge in China up to
that period Frank J Swetz [1977].

The hsuan-thu proof of the Pythagorean Theorem exemplifies the understanding of this theorem by the Chinese.
A notable passage that accompanies the hsuan-thu in the Chou Pei (the Chinese name for the aforementioned text) is
as follows:

“Let us cut a rectangle (diagonally), and make the width 3 units wide, and the length 4 units long. The
diagonal between the two corners will then be 5 units long. Now after drawing a square on this diagonal,
circumscribe it by half-rectangles like that which has been left outside, so as to form a square plate. Thus
the four outer half-rectangles of width 3, length 4, and diagonal 5, together make two rectangles of area
24; then subtracting 49, the remainder is of area 25. This process is called ’piling up the rectangles’ (chi
chu).”

In addition to the Chou Pei, which contains discussions on the application of right triangles, these discussions are
obscured by their incorporation into a mystical cosmology. In contrast, subsequent mathematical works are devoid of
mystical connotations. Because of the Chinese words for the width and length of a rectangle are kou and hu, respec-
tively, the Pythagorean Theorem has been know in China as the kou-ku theorem.

. o
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Figure 3: Chiu chang proof (Taken from Frank J Swetz [1977]).

2.1.3 India

Unlike the isolated development of mathematics in China, India’s geographical position exposed it to a diverse array
of cultural influences. These cross-pollinations significantly enriched the intellectual landscape, including the realm
of mathematics.

As stated in Maor [2019], early Hindu mathematical knowledge is deeply intertwined with religious practices. The
Sulbasutras, a collection of Vedic texts dating back to at least 600 BCE, provide compelling evidence of this connection.
Within these works, we find precise geometric constructions for sacrificial altars, demonstrating a sophisticated grasp
of mathematical concepts.

Baudhayana, a prominent author of the Sulbasutras, articulated a special case of the Pythagorean theorem: “The
rope which is stretched across the diagonal of a square produces an area double the size of the original square.” This
statement, equivalent to the Pythagorean Theorem for a 45-45-90 degree triangle, is remarkably similar to contempo-
rary understandings.

Katyayana, a later Sulbasutras author, extended this concept, stating: “The rope [stretched along the length] of the
diagonal of a rectangle makes an [area] which the vertical and horizontal sides make together.” This generalization of
the Pythagorean Theorem to any right-angled triangle is a testament to the depth of Hindu mathematical knowledge.

Furthermore, the Sulbasutras offer detailed instructions for constructing trapezoidal altars, incorporating intricate
geometric calculations involving Pythagorean triangles. These practical applications of advanced mathematical con-
cepts underscore the Hindus’ mastery of the subject.

The evidence presented in the Sulbasutras strongly suggests that the Pythagorean theorem was well-understood in
India centuries before Pythagoras, highlighting the rich and independent development of mathematics in this ancient
civilization.

2.1.4 Pythagoras

Pythagoras is a mysterious historical figure, often depicted as a wise, bearded philosopher. Much of what we know
about him is likely a mix of fact and fiction, with accounts written by historians many years after his time.

Born around 570 BCE on the island of Samos, Pythagoras may have studied with Thales and traveled to Egypt
and Persia, absorbing their knowledge. Around 530 BCE, he settled in Croton, Italy, and founded a school that deeply
influenced future scholars. The Pythagoreans were a secretive brotherhood, focusing on philosophy, mathematics,
and astronomy Maor [2019]. This secrecy, combined with the oral transmission of knowledge, means most of what we
know comes from later writers.

Pythagoras made significant discoveries, including in acoustics, where he linked the pitch of sounds to the size
of objects. He found that string vibrations relate inversely to length, leading to the concept of musical intervals and
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harmony. These ideas contributed to the Pythagorean belief in numerical harmony governing the universe, influencing
the quadrivium of arithmetic, geometry, music, and astronomy, essential to education in ancient Greece.

In addition to their fascination with sounds, the Pythagoreans were interested in numbers, particularly Pythagorean
triples. These are sets of positive integers (a, b, c) that satisfy the equation a? + b? = c2. As followers of Pythagoras,
who is credited with the theorem, they were naturally eager to find right triangles with integer side lengths. However,
they quickly realized that while it was easy to pick two sides with integer lengths, the third side would not always be
an integer. Despite this challenge, they occasionally discovered Pythagorean triples, a rare event that they reportedly
celebrated with great enthusiasm. There is not a clear evidence on how the Pythagoreans found these triangles, but

they used the following formula:
2 2 2 2
9 n°—1\"  (n"+1
() - (5

to determine that these numbers form a Pythagorean triple for odd values of n.

According to Maor [2019], while the Pythagorean discovery of integer-sided right triangles, known as Pythagorean
triples, was significant, it pales in comparison to two events that profoundly influenced the future of mathematics:
Pythagoras’s proof of his famous theorem and the discovery of irrational numbers—numbers that cannot be expressed
as aratio of two integers. Unfortunately, neither Pythagoras’s original proof nor the details of the discovery of irrational
numbers have survived, leaving us to rely on later writings and speculative interpretations.

2.2 Different proofs of the Pythagorean Theorem

“What is worth proving is worth proving again.”
Attributed to Nick Katz in Ruelle [2023].

Itis notuncommon to prove the same mathematical result by two or more different means. There are various theorems
known to have a vast amount of proofs, such as the Irrationality of the Square Root of 2, the Fundamental Theorem of
Algebra, and the Law of Quadratic Reciprocity, to name a few. With a result as known as the Pythagorean Theorem, it
is natural to ask how many proofs exist of this theorem. One possible answer is at least as many mathematics master’s
students who obtained their degree in the Middle Ages.

According to Elisha Scott Loomis (1852-1940) Loomis [1968], it was a requirement during the Middle Ages to de-
velop an original proof of Pythagorean Theorem before obtaining the Master’s degree in mathematics. In the previous
section, we learned about the first approachesto this theorem, long before the Greek philosopher walked on this earth.
After Pythagoras, a greater diversity of proofs (or demonstrations) followed, from the Middle Ages to the past century.
The answer to our initial question is that we don’t know. However, we have a lower bound for this value, which is 371.
Loomis compiled all-known proofs as of 1940 in the second edition of the book The Pythagorean Proposition.!

The following paragraphs present four intriguing proofs of the Pythagorean Theorem. These proofs stand out due
to their ingenuity or the notable individuals who devised them. Perhaps these examples will inspire the reader to
create one of their own.

2.2.1 President Garfield’s proof

The first proof we present is by James A. Garfield, the twentieth president of the United States. Throughout his youth,
Garfield worked on canal boats, as a carpenter, a part-time teacher, and a janitor Doenecke [2024]. In 1854, at the age
of twenty-three, he entered Williams College in Massachusetts, becoming the oldest student there. After graduating,
he taught various subjects at the Eclectic Institute in Ohio, mainly classical languages but also mathematics. Garfield
later pursued a career in law and politics. In 1876, four years before his presidential appointment, he proposed the
proof below during a mathematical discussion with other Members of Congress.

Proof 1. Start with the right triangle ACB in Figure 4, and extend CB to D such that BD = AC = b. Draw
DE = CB = aperpendicularto BD.

The triangles AC'B and BDE are congruent since they have two pairs of equal sides. Thus, ZABC and ZEBD
are complementary, and ABFE is a right angle.

The area of the trapezoid ACDE is §(b+ a) x (a+ b) = 3(a+ b)?, which is equal to the area ABE plus twice the

1The first edition published in 1927 contains 230 proofs.
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area ACB, thatis, 3¢? + 2ab = ¢ + ab. Hence, this yields

2 2
(a—;b) :%—i-ab:>a2—|—b2=c2
O
'd]
b a

Figure 4: James A. Garfield’s proof (1876) (reproduced from Figure 8.8 of Maor [2019]).

2.2.2 Similarity of triangles proof

The following proof has been attributed to twelve-year old Einstein Schroeder [1991], but in fact traces back to Legen-
dre and Euclid’s second proof Maor [2019]. The proof utilises the similarity of triangles.

Proof 2. Take a right-angled triangle as shown on the left hand side of Figure 5 where A; represents the area of
the triangle. The right hand side of Figure 5 shows the triangle bisected into two smaller right-angled triangles
with areas A, and A3. These two smaller triangles are similar in that their corresponding angles are congruent and
their corresponding sides are in proportion. Moreover, they are both similar to the larger triangle.

In Euclidean geometry, the area of a triangle can be related to the length of its hypotenuse in the following man-
ner. For a right-angled triangle with hypotenuse d and area D, construct a square with side length equal to the
hypotenuse of the triangle as in Figure 6.

Then the area D of the triangle is proportional to the area of the square, D o d?. Performing this construction for
the three triangles in Figure 5, yields the equations

Ay = kc?, Ay = ka?, Az = kb2, (1)

where k is a positive number which is the same in each equation due to the similarity of the triangles. Using the
fact that the sum of the two smaller triangles is equal to the larger one,

Ay = Ay + Az,

e
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with the relations (1) obtains
kc? = ka® + kb2,

Dividing through by k& produces
a? + b =2

A

Cc

Figure 5: Bisecting a right angle triangle

d

Figure 6: The area of a right-angled triangle with hypotenuse d is proportional to the area of a square of side length d.

2.2.3 The folding bag proof

Thereisanimportant generalisation of the Pythagorean theorem that was first elucidated by Euclid. In the geometrical
picture, rather than the formula only holding for sums of squares (the squares extending outside the triangle, along
each edge), it actually holds for all (similar) shapes. This can be argued for by noticing that areas of similar polygons are
in the same ratio as the squares of their corresponding sides, so that if we believe the Pythagorean theorem then the
generalisation follows. Alternatively, if we prove the theorem for another set of shapes, then the Pythagorean theorem
follows. For example, circles with diameters equal to the side-lengths of the triangle obey the same summation rule.
The following proof demonstrates how right triangles themselves can be used, known as the "folding bag proof".

Proof 3. We first note that we can also draw the chosen (similar) shapes, based on the side-lengths of the triangle
in question, inside the triangle, rather than outside of it, as in the usual geometric picture. By taking internal right
triangles as the (similar) polygons, Figure 7 demonstrates that the hypotenuse’s triangle (with hypotenuse AB) is
the triangle itself ABC, and that the other two triangles (with hypotenuses AC and BC) ‘fold’ to sum to the same
area, proving the theorem. O

2.2.4 Miss Ann Condit’s proof

The extraordinary Miss Ann Condit, a sixteen-year-old high school student from Indiana (United States), astounded
everyone in 1938 with her sophisticated proof presented below. This is the first proof to be devised where all auxiliary
lines and triangles originate from the midpoint of the hypotenuse of the given triangle.

Proof4. Let ABC be a right triangle in Figure 8. Erect the squares ACDFE, BCFG, and ABH I, and connect D
and F'. Let C'P be the bisector of AB, and let it meet DF at R.

The triangle ABC can be inscribed in a circle with center P and diameter AB because ZABC is a right angle.

. o
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Figure 7: If we choose right triangles as the polygons based on the sides of the original right triangle, we obtain the
delightfully simple folding bag proof (reproduced from Figure S4.1 of Maor [2019]).

Thus, AP = PC.

The triangles ABC and D F'C have two equal sides and share the same right angle between them at C'. Hence, the
triangles are congruent, and Z/CDF = /BAC = a. Since ACP is isosceles, ZACP = «. Therefore, /DCR =
90° — o,and ZCRD = 90°,so PR is perpendicularto DF'.

From Pdraw PM, PN, and PL tothe midpointsof ED,FG and H I, respectively. Thearea PFC = %(FC xFN),
but FN = L FG = $FC,thusarea PFC = ;(FC x FC) = 1 BCFG. Analogously, areas PDC = ; ACDE and
PAI = $ABHI.

Using the fact that the areas of two triangles with the same base are to each other as their altitudes, we obtain

PDC+PFC DR+RF DF AB
PAI A Al AB

Substituting the expressions for areas PDC, PF'C and PAI, we get

ACDE + BCFG _
ABHI

Therefore, we have proved that the area of the square laying on the hypotenuse is the sum the squares erected over
the two smaller sides of the right triangle.
O

2.3 Related results

The enduring popularity of the Pythagorean Theorem is a testament to its profound impact on mathematics and its
diverse applications across various disciplines. Its attractiveness lies not just in its rich historical background and
the multitude of proofs it has inspired, but also in its remarkable appearances in different areas of mathematics and
beyond.

In this section, we present some fascinating relationships and applications of the Pythagorean Theorem, illustrat-
ing how a simple geometric insight can have far-reaching implications across various domains.

2.3.1 Fermat’s Last Theorem

Theorem 2.1. Withn,z,y,z € Nandn > 2, the equation ™ + y™ = 2™ has no solutions.
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Figure 8: Ann Condit’s proof (1938) (reproduced from Figure 8.9 of Maor [2019]).

The theorem stated above, known as Fermat’s Last Theorem, was famously accompanied by Pierre de Fermat’s
note from around 1637:

“I have found an admirable proof of this, but the margin is too narrow to contain it.”

This enigmatic note sparked one of the most famous mathematical quests, captivating mathematicians for over
300 years. It was not until 1994 that Andrew Wiles finally proved the theorem. When n = 2, we encounter the case of
the Pythagorean Theorem, for which there are indeed infinitely many solutions. These solutions, or triples of numbers
(x,vy, 2) are known as the Pythagorean triples, and there exists a collection of formulas for generating such triples.?

The simplicity of the statement of Fermat’s Last Theorem conceals the profound complexity and depth of the math-
ematics it encompasses. With the Pythagorean Theorem as a special case, we can appreciate the complex world of
mathematics that arises from seemingly simple equations.

2.3.2 Archimedes’ approximation of

The Pythagorean theorem was an essential toolin Archimedes’ approximation of 7. Born in Sicily, Archimedes (287-212
BCE) is widely regarded as the greatest scientist of the ancient world and is known for his discoveries and inventions
across physics, astronomy, engineering and mathematics. By Archimedes’ time, civilisations across the world had
been attempting to measure the value of 7 for more than 1000 years. Archimedes is credited with being the first person
to devise an algorithm to calculate the value of 7. He showed that the value of 7 lies in the region

23 22
71 " 7

by squeezing a circle between two polygons and increasing the number of sides of the polygons. Calculating the
perimeter of these polygons yields an approximation for 7.

Briefly, the algorithm works as follows. Begin with a circle of radius 1 and centre O. Inscribe within it a hexagon as
in Figure 9(a). The side length s of the hexagon can be simply calculated using the sine rule. The key to Archimedes

2See Weissten [2024], Wikipedia contributors [a] for some methods to generate Pythagorean triples.
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approximation is that s, the side length of the dodecagon in Figure 9(b), can be calculated from s¢ by an application
of Pythagoras theorem.

olz
b

(0]

(a) (b)

Figure 9: (a): A hexagon of side length sg inscribed within a unit circle. (b) A hexagon and dodecagon of side lengths
sg and s, respectively, inscribed within a unit circle.

Mathematically,
S 2
2, = (56) 4 (1— 0A).

The length O A itself can be calculated from Pythagoras theorem as

0A% =1- (%6)2

Thus for s15 the following formula is obtained:

a3 (@)

This formula can be used iteratively to find so4 and so on. Moreover, there is nothing special about the hexagon and
the dodecagon; this algorithm will work for any n-gon.

For Archimedes’ approximation above he began with the hexagon and constructed sequentially the dodecagon in
Figure 9(b), then a 24-gon all the way up to a 96-gon. To construct the upperbound, he used an analogous algorithm
with a unit circle inscribed within polygons. The elegance of the Archimedes’ approximation to = lies in the fact that
this algorithm can be used to estimate 7 to any desired accuracy.

2.3.3 Heron’s formula

Commonly attributed to the Greek mathematician and engineer Heron of Alexandria (ca. 100 BCE - 100 CE), the fol-
lowing formula for the area A of a triangle with sides a, b and ¢, relies on a double application of the Pythagorean
theorem:

A=/s5(s—a)(s—b)(s—c), (2)

where s = %(a + b+ ¢) is the semiperimeter of the triangle. We briefly present the proof of this formula, relying on
Figure 10.

Proof 5. First, draw the altitude h from the top vertex to side a, dividing the side into parts m and n. From Pythago-
ras, we have

m? + h? = b7,

n? 4+ h? =2

e
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Subtracting the bottom equation from the first, we get

m? —n? =012 — 2.

After some algebraic manipulation, we obtain

_az—i—bQ—c2 _a2—b2+02

2a ’ 2a ’

which can be substituted in h2 = b — m? to arrive to an expression for the altitude in terms of the semiperimeter:

4s(s —a)(s —b)(s — c).

2 _
h* = 2

a

Finally, we take the square root of h, and substitute in the formula for the area of a triangle A = ah/2 to arrive to
the desired result.

O

o

a

Figure 10: Triangle to prove Heron’s formula.

Despite the formula being commonly associated with Heron of Alexandria (and carrying his name), historical ac-
counts suggest otherwise. According to Al-Biruni, an Arabic astronomer who lived around 973-1048, Archimedes is
credited with discovering this result. Additionally, an equivalent formula was published in the Mathematical Treatise
in Nine Sections, authored by the Chinese mathematician Qin Jiushao in 1247 Strick [2022], stated as

1 2 2 2\ 2
A:2\/a202— (a—l—c2> )

We conclude this chapter by highlighting a special and somewhat obvious case of the Pythagorean Theorem where
two sides are of equal length: the diagonal of a square. If a square has a side of length a, then the length of its diagonal
d can be found using the formula d? = a? + a® = 2a?, which simplifies to d = av/2.

While this result might seem straightforward and innocent, known to the Babylonians for thousands of years, it
incited considerable controversy among the ancient Greek philosophers. This is due to the fact that this quantity is
not a rational number. In the next chapter, we delve further into irrational numbers, including a detailed exploration

of v/2.

2.3.4 Thediagonal of a square

e
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3 Irrational Numbers

Related topics: Analysis, Algebra, Set Theory

3.1 What are irrational numbers?

Irrational numbers are numbers that cannot be written as a ratio of two integers (i.e., they cannot be written as a simple
fraction where the numerator and denominator are both integers. When we write out irrational numbers in decimal
form, the digits go on forever and do not repeat! Let’s take a look at an example:

m = 3.1415926535897932384626433832795028841971693993751058209 . . .

The numbers after the decimal place never stop and never repeat making 7 an irrational number!

3.1.1 Why are irrational numbers useful?

Irrational numbers help us solve equations or calculate areas of shape. If you think back to circles, we use the equation
7r2. Another useful irrational number is 1/2 as it helps us understand right-angle triangles.

3.2 V2

Throughout history, v/2 has held profound significance not only in the realm of mathematics but also in various practi-
cal and cultural contexts. This enigmatic number, the first known irrational number, has been crucial for understand-
ing and solving numerous problems in geometry, architecture, and beyond. Even more importantly, its discovery
challenged ancient mathematical paradigms and opened new avenues for critical mathematical thought.

The square root of 2 has represented a gateway to the concept of irrationality and a cornerstone in the develop-
ment of number theory. Its value and properties have been studied extensively, driving mathematical innovation and
inspiring a multitude of approximations and proofs across different civilizations.

In this section, we begin by presenting the Pythagorean proof of the irrationality of 1/2, then show the ancient
Babylonian approximation from the Clay Tablet YBC-7289. We conclude the section with a description of the geometric
and elegant approximation by the Indian mathematician Baudhayana, showing how deeply thisirrational number has
permeated different cultures at different times.

3.2.1 Proofthat/2is irrational

As previously mentioned, any number n that can be expressed as a ratio of two integers, such asn = £, is a rational
number.

For along time, philosophers and mathematicians believed that all numbers were rational. Pythagoras, an ancient
Greek philosopher, and his followers held this belief sacredly and anyone who attempted to challenge this belief was
considered a heretic.

In the 5*" century BCE, Hippasus discovered a way to prove that v/2 is indeed irrational. According to some tra-
ditions, he was thrown overboard anFord drowned for revealing this discovery to the Pythagorean brotherhood as a
punishment for his “sins” lamblichus [1918]. Lets take a look at this dangerous proof:

In order to prove that v/2 is an irrational number we will do this by “proof by contradiction”. For those who are
not familiar with this, proof by contradiction is done by assuming that what we want to prove is not true and then
showing that the conclusion is a contradiction. In this example, we are trying to prove the statement “/2is anirrational
number”, so we start our proof by assuming that “v/2 is net an irrational number” and see that this cannot be true,
thus our original statement must be true.

Proof 6. Assume that /2 is a rational number. This means we can write /2 = %, where ¢ and b are whole numbers
and b # 0.

Assume that ¢ is written in its simplest form, meaning a and b have no common factors other than 1. This means
both a and b cannot be even, as otherwise 2 would be a common factor, so one or both must be odd.

Starting from /2 = %, we square both sides to get:

e
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Multiplying both sides by b? gives us:
a? = 22 3)
Now we can see that a? is even as it is twice as much as b%. Since a? is even, a must also be even. (Why? Because

only even numbers squared give even results).
Since a is even, we can write a as 2k for some integer k. Substituting 2k for a into Equation 3, we get:

(2k)? = 4k? = 202
Dividing both sides by 2, we get:
2k% = b2

This means that b2 is also even, and hence b must be even as well (using the same concept as earlier when stating
that a is even).

But if both @ and b are even, then 7 was not in its simplest form, which contradicts our assumption! Therefore, our
initial assumption that v/2 is a rational number must be false. Thus, v/2 is an irrational number. O

3.2.2 The Babylonian Clay Tablet YBC-7289 and Irrational Numbers

The Babylonian clay tablet YBC-7289, dating back to 1800-1600 BCE and originating from modern-day Iraq, is a re-
markable artefact in the history of mathematics. This small tablet shows that the ancient Babylonians had an ad-
vanced understanding of numbers, especially irrational numbers, long before the Greeks. YBC-7289 has scripts that
are written by Babylonian students who learned to write and calculate in cuneifrom (the script used by Mesopotamian
scribes and scholars). Its round shape and large writing indicates it was typical tool for Babylonian students imSukkum
or “hand tablet” because they fit comfortably in the students palm.Yale University

The tablet also reveals that the Babylonians understood Pythagorean principles over a thousand years before
Pythagoras! They knew the relationship between the sides of a right triangle and its diagonal (the hypotenuse).

YBC-7289 contains an approximation of the square root of 2. It shows a square with its diagonals and cuneiform
inscriptions. The Babylonians calculated v/2 to four decimal places (1.4142), which is incredibly precise for that era.
This demonstrates their ability to work with irrational numbers. Additionally, YBC-7289 highlights the Babylonians’
use of a sexagesimal (base 60) number system, which contributed to their precise calculations. This ancient system is
the foundation of our modern time-keeping and angular measurements.

3.2.3 Baudhayana approximation

Baudhayana (ca. 800-740 BCE) was one of the greatest Indian mathematicians, and his contributions permitted a
significant advancement towards the understanding of different concepts in mathematics Plofker [2009a]. As a dis-
tinguished Hindu high priest, he was not only an expert mathematician but also an accomplished architect and as-
tronomer. He introduced several mathematical formulas known as the Sulvasutras, some of which include very ele-
gant proofs Thibaut [1875], like the proof of the Pythagorean theorem, particularly notable for its simplicity, and one
of the first approximations of the value of pi, which he approximated as 3.

We will now showcase the approximation method of Baudhayana for the square root of 2 Khatri and Tiwari [2023].
He started with the simple idea of transforming a rectangle into a square, obtaining a value of v/2 equal to:

L + L L = o117 = 1.4142156863

312 408 408
which approximates the correct value of the square root of two up to 5 decimal places. The following steps outline the
proof of his approximation.

Proof 7. Consider a rectangle with sides of length ¢; = 1and /5 = 2 and area A, = ¢; - {5 = 2. Baudhayana had
the goal to transform this rectangle into a square with the same area, i.e. A, = 2, and so with side v/2.

With this in mind, divide the rectangle into squares ABEF and F'EC D with side 1, and then portion FEC D into
three equal rectangles. Notice that, by doing so, segments EQ = QS = SC = £, as shown in Figure 11A.

Now move rectangle PQS R to one side of square ABEF with a rigid translation, while leaving rectangle FEQP
in its initial position. Notice that BQ = BE + EQ = 1 +  as depicted in Figure 11 B.

Apply the same procedure to the rectangle RSC D, dividing it into four equal rectangles, each one of them with the
smaller side equal to - (see Figure 12 A for reference). Move two of these rectangles to be adjacent to RS and PQ,
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Figure 11: AFirst step of the Baudhayana geometrical approximation of /2, in which rectangle ABC D is first halved in
two equal squares, then square FEC'D is divided into three rectangles with the same area. B Thanks to a rigid trans-
lation, rectangle PQS R moves on one side of square ABEF, while rectangle FFEQP remains in its initial position.
Reproduced from Khatri and Tiwari [2023].

as illustrated in Figure 12 B. Observe that

S 1 1
BN=BE+EQ+QN =1+ +
and that the square EFGD has side equal to 1 + - and consequently, area A, = (1 + ).
Finally, fill the area of the square M FFOG to complete the square L BN G with two contributions: (i) add the rect-
angle ONCD, with area 2 - % -1 = %, and (ii) subtract two small portions of width x along sides LB and BN (see
Figure 13 A for reference), which he called savisesah, “the missing part”. He obtained:

Tiow (1+241) = 1+—1—2
6 3712) 3712
1 1

Solving for x gives x = ;55 and so the rectangle has been transformed into a square with side lengths % + 1—12 — T

R g L MG
S|
A p RLOTD 4 ‘0 OTD
F Fl P
B E QO SMNUC B E ON NUC

A B

Figure 12: Rectangle RSCD is divided into four equal rectangles (A), with two of them then moved to be adjacent to
segments RS and PQ respectively (B). Reproduced from Khatri and Tiwari [2023].
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Figure 13: A As a final step of his proof, Baudhayana subtracts the savisesah (represented in the figure by the two black
solid rectangles with shortest side equal to x) from the other contributions to obtain the approximation of square root
of 2. B The grey square in the figure represents the missing area that the Baudhayana approximation couldn’t cover
and can lead to the discovery of the irrationality of the square root of 2. Adapted from Khatri and Tiwari [2023].

Notice that, in the “proof”, Baudhayana left a small empty square at the corner of M FOG: in fact, by summing up
contributions (i) and (ii), he was just approximating the area of M FFOG. The missing area is indeed a hint pointing to
the irrationality of the square root of two (see Figure 13 B for reference).

33 «

Across millennia, the presence of the irrational number 7 has permeated various fields, from engineering to art, and
continues to inspire new generations of scholars, representing one of the most intriguing numbers in mathematics.

Spanning different cultures and regions of the world, 7 has indeed captivated the minds of mathematicians and
scientists, each contributing unique insights and techniques to its understanding. The journey of 7 in space and time
is a testament to humanity’s relentless pursuit of precision and mathematical curiosity.

We aim here to explore the elegant m approximations developed by Chinese mathematicians, move on to the pro-
found contributions of Ramanujan, and finally discuss the wide-ranging applications of this fundamental number in
various disciplines.

3.3.1 Approximationsin China

The Nine Chapters on the Mathematical Art (ca. 200 BCE) Dauben [2013] is one of the most influential mathematical
texts in Chinese history. Compiled during the Han dynasty, it presents a comprehensive system of practical mathemat-
ics used for various purposes, such as land measurement, construction, and trade.

Liu Hui (ca. 225-295 CE) was a prominent Chinese mathematician who provided detailed commentaries on these
texts Straffin [1998a]. His work demonstrated advanced mathematical techniques and provided more precise approx-
imations of irrational numbers. He developed an elegant algorithm for calculating 7, which permitted a better ap-
proximation of the irrational number than the ones proposed by his precursors. In fact, before Liu Hui’s contributions,
the ratio of a circle’s circumference to its diameter was often approximated as 3 in China. As two major examples,
the mathematician Zhang Heng (ca. 78-139 CE) proposed the value of approximately % ~ 3.1724 Needham [1959],
while Wang Fan (219-257 CE) Schepler [1947], suggested m ~ % ~ 3.156. Despite these empirical approximations
providing accuracy up to two decimal places, Liu Hui found them unsatisfactory, criticizing them for being too large.

In his commentary on Nine Chapters on the Mathematical Art, Liu Hui observed that m must be greater than 3 since
the ratio of the circumference of an inscribed hexagon to the diameter of the circle was three. From this intuition,
firstly he detailed an iterative algorithm for calculating 7 by bisecting polygons, with its approximation lying between
3.141024 and 3.142708, and proposing 3.14 as a sufficiently accurate approximation. He did not stop there, and ac-
knowledging that this estimate was slightly low, Liu Hui later devised a more efficient and iterative algorithm, achieving
an approximation of m ~ 3.1416, accurate to five decimal places, with the only use of a 96-sided polygon Needham
[1959].
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3.3.2 Ramanujan’s work

Srinivasa Ramanujan (22 December 1887 - 26 April 1920) was a brilliant and prodigious Indian mathematician. Though
he had almost no formal training in pure mathematics, he made extraordinary contributions to the study of m among
other fascinating mathematical discoveries, spanning from number theory to continued fractions and infinite series.

CRAAPT ERXYIIL
[t 6" (e + () o+ (Rl v e
= 20-x) +Jzdx = Flrx) + - ulan r—-+a<)}

. - 2
' [ | St 2 Y38 4 s
& Wi o7 . Ll 1 .“.xn.___ ng‘.ftx —l_.r..“.“_,l.x &

e +&<)}
= 20-x + 4 §7d> = Z(-x) + 737 f1- e Coin ™ e

3. JL/"“"M& I/am 014'/.4{, ackyse scc.,..,_',,,.ug-,;\, [1 P
20»";"— K [ I g‘ ’;{‘ s

— T4t L‘t,“'*

4
ey 1+ GG H DR HEE) G + %
7r§3(a+(.)——m} meandy
= a0 {1+ T ey meandy wles = = (%)

PAL waR I e 35,997932.3?46,:14 34,
i l.in= 2.3035F50 529, §40456P401 8.
fii e=™M=.04821351972,6877226"
u‘.‘ eF - 1210477 3€07,653 S1654T D
Co. W= 55 (1- 945 ) Ve b
f/—'r"- By '?utcbo,%

T
4 Jx ;,_._6__)‘-33__'“(/.1) XL+(1L—I) x—"#-k‘}
- &] 'i+ eV . 3‘7 l-v-»_ev_J_’/t + 8 Lf 1+e Y —&e

e~ \-e_-"y
s Gl oo 3y = 2.4
Gl A Sl l Sl K Rl o PR el

=y - 4fL 70-e7) ~3 bjl-ev) 4 s l.;(l e¥y)~ &‘}

Figure 14: A page from Srinivasa Ramanujan’s mathematical notebooks. The highlighted sections refer to his calcula-
tions regarding .

During his brief yet prolific life, Ramanujan provided around 3900 identities and equations Berndt [1997], with a
significant number of these entirely new and collected in his famous notebooks (see Figure 14). From the Western
perspective, Ramanujan is often seen as a natural genius whose intuition was extraordinary, even though he lacked
formal training. In contrast, the Indian perspective celebrates Ramanujan not only for his genius but more for his
mathematics, viewing himself as a cultural and national icon. His story is one of inspiration, depicting how someone
from a modest background with limited resources, but deep passion and hard work, could achieve greatness.

Remarkably, the vast majority of his results have been verified as correct, and his groundbreaking formulas, de-
rived from deep insights into complex analysis and modular forms, have greatly influenced subsequent mathematical
research on 7. For all these reasons, Ramanujan’s contributions continue to inspire and challenge mathematicians
worldwide, even today.

His work in the early 20" century introduced a series of rapidly converging infinite series that provided unprece-
dented precision for calculating 7w Chan et al. [2004]. In fact, unlike previous methods that required a large number of
iterations to achieve similar accuracy, Ramanujan’s formulas could produce many decimal places of 7 with remark-
able efficiency. He started with expressions that approximate the value of 7 up to a certain number of decimal places.
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The first one:

63 (17 + 15v/5
25 \ 74+15V5

gives the approximation of m ~ 3.14159265380, correct up to 9 decimal places. The second one:

(3+V13)(vV8+ \EO)]
2

12
n
v130

provides the correct value of 7 up to 14 decimal places; and the third one:

4 <5+\/@> (5v/29 + 11V6) \/9+j\/6+\/5+j\/6

V522 V2

remarkably gives the value of 7 up to 30 decimal places.

In 1914, the Quarterly Journal of Pure and Applied Mathematics published Ramanujan’s work titled “Modular Equa-
tions and Approximations to w” Berggren et al. [1997]. In this paper, he introduced seventeen different series that con-
verged rapidly to 7. Among these, one of the most famous series was the following:

1 2v2 N (4k)!(1103 + 26390k)

T 9801 & (k43964

0

Truncating the sum to the first term also gives an approximation which is correct to six decimal places. Truncating after
thefirst two terms gives a value correct to 14 decimal places! This approach laid the groundwork for the fastest-known
algorithm: in 1987, mathematician and programmer Bill Gosper utilized this algorithm on a computer, successfully cal-
culating 7 to approximately 17 million decimal places Arndt and Haenel [2012]. Later on, by building on Ramanujan’s
methods, mathematicians David and Gregory Chudnovsky developed their variants, which they used to compute 7 to
an astonishing 4 billion decimal places with their homemade parallel computer Chudnovsky and Chudnovsky [1988].

3.3.3 Applications of 7 across different cultures, fields, and times

The journey of different applications of the number 7 from ancient to modern times and across many cultures is a
clear proof of its timeless significance and versatility.

While much of Mayan literature was lost during the Spanish conquest, the remnants suggest that their approx-
imated value of = was likely more precise than that of their European counterparts at the time. The necessity of a
precise 7 value for their calendar calculations was in fact at the very basis of Mayans’ advanced mathematical capabil-
ities and their significant contributions to the understanding and application of 7 in ancient times. The Mayans indeed
developed a highly sophisticated number system, which many historians believe included advanced features unpar-
alleled by other contemporary cultures Powell [2010]. This mathematical system was crucial for their astronomical
measurements, which they carried out with remarkable accuracy using simple tools like sticks. The Caracol building
in Chichén Itza is a testament to their astronomical knowledge. Often considered a Mayan observatory, many of its
windows align with significant astronomical events, such as the setting sun on the spring equinox and specific lunar
alignments. This precision in astronomical observations was essential for creating their accurate calendar system,
which required a refined value of 7 (see Figure 15, left).

The application of 7 for architectural and construction techniques was crucial also in ancient Egypt and Babylon.
The Egyptians, renowned for their monumental structures, utilized a value of 7 in the design of the Great Pyramid
of Giza: the ratio of the pyramid’s perimeter to its height is indeed approximately 27, suggesting a profound under-
standing of the circle’s properties Cooper [2011]. This application of 7 helped achieve not only the pyramid’s perfect
proportions but also its stability. Similarly, in ancient Babylon, mathematicians and builders employed 7 in the con-
struction of their ziggurats, which were massive terraced structures serving as temples. As we already discussed in
this Chapter, Babylonians had a good approximated value of 7 that they used in calculations for circular structures
and for developing accurate engineering plans, as made evident by the monumental Etemenanki ziggurat in Babylon
Neugebauer [1969].

Also in ancient China, the application of = was fundamental to advancements in astronomy and the development
of the calendar. In fact, the Chinese calendar, which combined solar and lunar cycles, required precise calculations
of the positions of celestial bodies. For this reason, Chinese astronomers relied on their approximated value of 7 to
predict astronomical events such as eclipses, solstices, and equinoxes Needham [1962]. This knowledge was vital for
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agricultural planning, ceremonial events, and governance. In addition to theoretical advancements, practical applica-
tions of w can be seenin ancient Chinese instruments and structures. Chinese astronomical observatories were indeed
equipped with sophisticated instruments, like the armillary sphere, which required precise geometric calculations in-
volving 7 to measure the positions of stars and planets accurately (see Figure 15, middle).

Greek architecture also reflects the practical application of 7 in architecture. The design and construction of the
Parthenon in Athens, for instance, demonstrate an understanding of mathematical principles, including the use of 7
in circular elements such as columns and decorative friezes.

Figure 15: On the left of the figure, Mayans’ calendar. An illustration of the ancient Chinese water-powered armillary
sphere is shown in the middle of the figure Heng [Han Dynasty]. On the right, a photo of the "Alhambra ceiling" taken
by the photographer and artist Jason Priem.

Islamic architects and artisans applied 7 in the construction of mosques, madrasas, and palaces, where intricate
geometric patterns and designs were essential elements. The precision required to create these complex patterns de-
manded a thorough understanding of geometric principles, including the use of . The Alhambra in Spain (see Figure
15, right) and the Selimiye Mosque in Turkey are prime examples of beautiful Islamic architecture that showcase the
sophisticated use of 7 for circular designs and domes. The use of 7 in Islamic culture extended beyond mathematics
and architecture, playing a significant role in the development of geometry, which was crucial for both religious and
scientific purposes Hogendijk [1994]. Islamic art often featured elaborate geometric patterns, where the precise calcu-
lation of angles and arcs required an implicit understanding of 7. These patterns were not only aesthetically pleasing
but also held spiritual significance.

In modern times, the application of m has expanded far beyond its ancient uses, becoming a cornerstone of various
scientific and engineering fields. In civil engineering, 7 is essential in the design and construction of bridges, like the
Golden Gate Bridge in San Francisco (see Figure 16, left). The calculations for the curvature of arches, the load distribu-
tion across circular structures, and the precise measurements required for stability and durability all depend on this
irrational number. The value 7 was fundamental also in the design and navigation of spacecraft. The trajectories of
spacecraft, the calculation of orbital paths, and the precise timing of maneuvers all require accurate values of r. NASA’s
missions, including the Mars rovers and the Voyager probes (see Figure 16, middle), depend on 7 for their successful
journeys through space. The curvature of lenses and mirrors in telescopes and other instruments also uses 7 to focus
light accurately and capture images from distant celestial bodies. In cryptography, 7 has found a unique application
in ensuring secure communications. In fact, the unpredictable nature of 7’s digits is used to generate pseudo-random
numbers, which are critical for encryption algorithms. These algorithms protect sensitive data by making it extremely
difficult for unauthorized parties to decode messages without the correct key Kraft and Washington [2018].
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Figure 16: On the left of the figure, a picture of the Golden Gate Bridge in 1930 (The Bancroft Library, Construction
Photographs of the Golden Gate Bridge collection). Voyager 1 probe is shown in the middle of the figure. On the right,
the art “3628 digits of 7 from the scientist and artist Martin Krzywinski.

3.4 Roots of polynomial equations
3.4.1 Al-Khwarizmi completing the square

Muhammad ibn Musa al-Khwarizmi was a Persian polymath who lived between (ca. 780 - ca. 850) and came from
Khwarazm, hence, his popular name al-Khwarizmi. His influence spreads across different subjects notably in mathe-
matics, astronomy, and geography Wikipedia contributors [c]. His popular work al-Kitab al-Mukhtasar fi Hisab al-Jabr
wal-Mugabalah (The Compendious Book on Calculation by Completion and Balancing), presented a step-by-step solu-
tion to linear and quadratic equations by the method of completing the square. Al-Khwarizmiintended to put together
this work hoping that it would provide a simple way to do calculations in matters such as inheritance, lawsuits, trade,
and many more dealings between the people of his time that involved calculation or measurement of various kinds of
objects Rosen [2009].

“When | considered what people generally want in calculating, | found that it always is a number. | also
observed that every number is composed of units and that any number may be divided into units.”

When we count from one to ten, each number precedes another number by a unit, then ten is doubled to obtain
twenty, and it is tripled to obtain thirty like that up to a hundred, in the same fashion as the units and tens we obtain
a thousand, this can be repeated to any large number Rosen [2009].

“l observed that numbers which are required in calculating by Completion and Reduction are of three kinds,
namely, roots, squares, and simple numbers relative to neither root nor square.”

Al-Khwarizmi identified three kinds of numbers, roots, squares, and simple numbers which are required in his
approach (i.e., completing the square). Roots are defined to be any quantity that is to be multiplied by itself, a square
is the result when a root is multiplied by itself, and a simple number is any number that is not related to a root or a
square. A connection can then be made between the three classes of numbers identified, for instance, a numberin one
of the classes, say root, could be equal to a number in another class, say square or simple number. Hence, three cases
can be established; “squares are equal to roots”, “Squares are equal to numbers”, and “roots are equal to numbers.”. The
three kinds of numbers can be combined forming three additional cases, that is, “squares and roots equal to numbers”,
“squares and numbers equal to roots” and “roots and numbers equal to squares”. Hence, Al-Khwarizmi identified six
different cases and demonstrated how to solve for the roots Rosen [2009].

The six different types of equations
cx’=bxr; cx’=a; br=a

b, . _ /@ . _ :
b w= /% 1= ¢%respectively.

For “squares are equal to roots”, “Squares are equal to numbers”, and “roots are equal to numbers.” respectively.

cx’+br=a; cx’+a=br; cr’=br+a
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T = [(2%)2 + 2] + £ respectively.

(6]

» o«

For “squares and roots equal to numbers”, “squares and numbers equal to roots” and “roots and numbers equal to
squares” respectively.

Six different cases are explained, the first three do not require halving the number of roots of the square. However,
the last three cases do require halving. This can be explained with a figure where the halving can be made clearer.

H G
p| d |c
a b
Al < |8

E F

Figure 17: Completing the square EFGH

Demonstration of the case: “a Square and ten Roots are equal to thirty-nine Dirhems”
22 + 10z = 39 (4)

The quadrate ABCD is the square whose root is unknown which we seek to find. Any side of the square ABCD is
the root of the square. So, when any of the sides of the square ABCD is multiplied by any number, we obtain the
number of the roots which is to be added to the square. In this case, since the number of the roots, which is ten,
is combined with the square, we can divide ten by four, we obtain 2%. Each side is combined with 2%, the root of
ABCD then becomes the length and 2% is the width of the rectangles i, j, k and |. However, at the corners of the
square ABCD, we are missing smaller square pieces of size 2% by 2% and the product is 6% needed to complete the
square EFGH. Therefore, the square EFGH can be completed by adding to it four times 6% which is 25, i.e the size
of smaller pieces of the square. But the quadrate ABCD and ten roots denoted by the rectangles i, j, k, and l equals
39. If we add 25 which is the four square pieces, we obtain the quadrate EFGH which equals 64. We then obtain one
side of EFGH which is its root, to be 8. But we are interested in one side of ABCD. Since we know the widths of the
rectangles i, j, k, and |, which are the extreme edges of EFGH, we subtract two times the quarter of the ten roots
which is 5; the answer is 3 which is one side of the square ABCD, hence the root is 3.

3.4.2 Omar Khayyam cubic equation

Abu’l Fath Omar ibn Ibrahim al-Khayyam, popularly known as Omar Khayyam, is a Persian polymath and scientist
bornin the town called Nisapur, then capital of the Seljuk empire, who lived between (1048-1131). His contribution to
mathematics, astronomy, philosophy, and and poetry is widely recognised.

In modern poetry, Khayyam is popularly known for his “ruba’iyyat”; that is, poems which takes the form of four
lines also known as quatrians. In the field of astronomy, he is known to have developed a solar calendar known as the
Jalali calendar which became the foundation of a calendar that became known as the Persian calendar Wikipedia con-
tributors [b]. In the field of mathematics he is popularly known for the following works; Risala fi Sharh ma Ashkal min
Musadarat Kitab Uglidis (“Commentary on the Difficulties Concerning the Postulates of Euclid’s Elements”), Risalah
fi Qismah Rub’ al-Da’irah (“Treatise On the Division of a Quadrant of a Circle”) and Risalah fi al-Jabr wa’l-Mugabala
(“Treatise on Algebra”). He is also known to have worked on a treatise on binomial theorem, unfortunately this work
has been lost. In his “Treatise On the Division of a Quadrant of a Circle” Khayyam postulated;

“drop perpendicular from some point on the circumference to one of the radii so that the ratio of the perpen-
dicular to the radius is equal to the the ratio of the two parts of the radius on which the perpendicular falls”.
Siadat and Tholen [2021]
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Following a specific case led to the equation 23 + 200z = 2022 + 2000, for which there is no exact solution, but he
provided an approximation Mousavian et al. [2024]. He also presented a general geometric solution to cubic equations,
by determining the intersection of two curves (i.e., a circle and a hyperbola).
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Figure 18: First page of a manuscript kept in Tehran Univer-
sity. Source: Siadat and Tholen [2021]

However, he was not the first to use geometry to provide algebraic solutions, geometric tools have been used to
provide solutions to quadratic equations by the Greeks and even the Babylonians. Al-Khawarizmi in the 9" century
presented a step-by-step solution to quadratic equations by completing the square, also Thabit ibn Qurra in the late
9*h solved quadratic equations using compass geometry of Euclid’s elements Mousavian et al. [2024]. Some cubic
equations can be solved by taking the cubic root or by first reducing them to a quadratic equation (i.e., dividing the
cubic equation by the factor z or z2). Khayyam identified nineteen types of cubic equations. However, fourteen distinct
types of cubic equations cannot be solved by taking the cubic root or reducing it to a quadratic equation.

Fourteen distinct cases

w=c 23+br=c >+c=bz; 2°+c=ax?

22 +az? =c
2 =ax’+c¢ d=br+c¢ P+ar’P=br+c¢ z3+c=ax?+bx
B =ar’+br+c 2P+ +cec=br; >tari+br=c >+br=azx’®+c

23 +bx + ¢ = ax?

Four out of the fourteen equations had already been solved by this time, but Khayyam provided general solutions
to all the fourteen cases by the use of intersecting conic sections Siadat and Tholen [2021].

Solution for the case where a cube and sides equal to a number
2+ bz =c (5)

Where b, ¢ > 0. To solve for z Khayyam identified the intersection of parabola and a semi-circle. Let’s go through
the solution step-by-step.

Geometric construction of the equation (5), treat all the terms as solid objects; 22 and az are 3D with unknown
sides z, we assume ax has a square base m? and b is rectangular prism with square base m? and length n. Now we

seek to make 3 and ax equal to b.
= 22+ mPz=m?n; . 22=m?n-—m’z (6)

— r=m?(n—2); ..z:(n—2x)=m?: 2’ (7)
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“Theory of Proportions”

In Diagram (a); Let AB denote the diameter of the semi-circle, and CD a perpendicular to the diameter. Then
conversely, if CB: CD = CD: AC,then CD is perpendicular to the diameter AB of the semi-circle. There-
fore equation (8) is the equation of a circle with diameter n.

= ziy=y: (n—x); z(n-z)=y (8)
— z: (n—z) =92 (n—x)? 9)
= m*:?=y*:(n—2)% -~miz=y:(n-2) (10)
= miz=zx:y; ..Mmy=z (11)

Theintersection of the equation of the circle (8) and the equation of the parabola (11) gives the solution. Itis shown
in diagram (b) that the intersection point is D Jeff [2020].

D D
Yy Yy /
A n—ax C T B A n—x C r B
(a) (b)
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4 Laws, Limits, and Randomness: A Mathematical History of Probability

4.1 Historical Context
4.1.1 The Arithmetic Triangle Across Cultures
Pascal’s Triangle and Binomial Coefficients

In the 17t" century, Blaise Pascal studied the properties of an infinite triangular array in which each entry is the
sum of the two entries directly above it in the preceding row, as seen in Figure 19. Now known as Pascal’s Triangle,
named after the French mathematician, each row of Pascal’s triangle corresponds to the coefficients of the binomial
expansion (a + b)".

Figure 19: First five rows of Pascal’s Triangle.

Each entry in the triangle corresponds to a binomial coefficient, which gives the number of ways to choose & el-
ements from a set of n elements, in other words each row corresponds to a value of n in the binomial expansion of
(a + b)™, and the k-th entry in the row is the binomial coefficient:

(a+b)" = Zn: <Z> a"kpk

k=0

n n!
=— here0 <k <
<k:> Kn—ky =rsn
where n! denotes the factorial of n.

Although Pascal’s name is most commonly associated with the triangle in Western mathematics, the same trian-
gular array had appeared independently in earlier mathematical traditions across India, Persia, and China, centuries
before Pascal’s formal study.

Early Origins in India: Pingala’s Meru-Prastara (300 BCE)

In India 300 BCE, Pingala, a famous poet and mathematician, wrote ’Chandahsastra’, illustrating the first concept
of Pascal’s triangle. His book was a technique for linking mathematics with Sanskrit poetry, mapping short and long
syllables to binary digits. The study of Sanskrit poetry led to the early ideas of binary number systems, combinatorics,
and Fibonacci numbers. Specifically, Pingala’s text highlighted the number of different arrangements of short and
long syllables, drawing a link to the binomial coefficients and implicitly discovering Pascal’s triangle. During the 10th
century CE, Halayudha, another Indian scholar, proposed that Pingala’s final sutra resembles ’‘mere-prastara’, or 'the
staircase of mount meru’, which some argue is the first known evidence of Pascal’s triangle.
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Figure 20: Pingala’s Mere-prastara 300 BCE

Islamic Golden Age Contributions: Al-Karaji and Omar Khayyam

Omar Khayyam, also a mathematician and poet as well as an astronomer, utilised the binomial theorem to re-
design the work of Persian mathematician Al-Karaji during 11th century Iran. Al-Karaji laid the foundations for algebra

. o
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and combinatorics, being one of the first to use binomial coefficients to expand expressions in the form (a + b)", in
a now lost book believed to have been titled Al-Fakhri. Developments to the triangular array were made by Khayyam
a few decades later, especially in relation to algebraic identities. Their work depicts the well-known triangle that ap-
peared in the Islamic world centuries earlier and how it plays a crucial role in the evolution of algebraic operations and
binomial coefficients.

Independent Development in China: Jia Xian to Yang Hui

In ancient China, the triangle was documented by the 11th century mathematician Jia Xian who used it to extract
square and cube roots to compute binomial coefficients. His texts included a drawn version which was fortunately
analyzed by Yang Hui in the 13th century before his book became lost. Yang Hui’s work Xiangjie Jiuzhang Suanfa in
1261, credits Jia Xian and contains a method of obtaining the triangle illustrating how each number is a result of the
two above it. In 1303, Jade Mirror Of The Four Unknown by Zhu Shijie credits his work again, replicating what became
known in China as Yang Hui’s Triangle. These contributions highlight the independent advancements made by Chinese
mathematicians and their contributions to the early progressions of algebra and binomial expansions.

W2 3

pyEm

E*mw Ko B AR

Figure 21: Yanghui triangle ca. 1238-1298.

After appearing independently in several cultures, the triangular array was formally studied by Blaise Pascal in his
1665 work, Treatise on the Arithmetic Triangle. Drawing on earlier contributions from Pingala (India), Omar Khayyam
(Persia), and Yang Hui (China), Pascal popularised the triangle in the Western world, where it became known by his
name.

Pascal’s Triangle became a fundamental toolin 17™-century mathematics, particularly in the development of prob-
ability theory. Its structure provided a systematic way to compute binomial coefficients, enabling early applications
of combinatorics to problems involving chance.

One of its first major applications was in solving the Problem of Points-a famous gambling problem discussed in
correspondence between Pascal and Fermat. This marked one of the earliest formal uses of combinatorics in proba-
bilistic reasoning.

Hiswork also laid the groundwork for further developments by mathematicians such as Jacob Bernoulli and Abra-
ham De Moivre, who investigated the behavior of the binomial distribution. Their insights revealed its convergence
toward the bell-shaped curve—what we now recognise as the normal distribution—thus setting the stage for the Cen-
tral Limit Theorem.

In this way, the triangle-shaped by many cultures and rediscovered across centuries-served not only as a tool for
algebraic expansion, but also as a stepping stone in the mathematical formulation of uncertainty. It ultimately bridged
early combinatorics with the birth of modern probability and statistics.

4.1.2 Games of Chance and the Problem of Points

Historical Background of the Problem of Points.

Consider a game between two players, A and B, who agree to compete for a fixed prize pot. The game is played
as a sequence of independent rounds- such as flipping a coin - where one player wins each round. The objective is to
be the first player to win a fixed number of rounds, say n, in order to claim the entire prize.

Let the probability that player A wins any individual round be p 4, and similarly pg for player B, where:

pa+pp =1

History of Maths ‘é’*’l Queen Mary

Page 26 University of London




In the classical fair game, both players have equal probability of winning a round:

L
ba =DpB = 5
Now suppose the game is interrupted before either player reaches the winning threshold of n rounds. Let the
current scores be a for A and b for B, with:
a<n, b<n.

At this point, the central question-known as the Problem of Points-is:

How should the prize money be fairly divided between the two players, given the current score and the rules of the
game?

This problem was famously solved in the 17 century through the correspondence between Blaise Pascal and
Pierre de Fermat, and is considered one of the foundational problems in the development of probability theory.

To resolve the problem fairly, we must consider two core principles: (1) what constitutes a fair division of the pot,
and (2) how likely each player is to win the game if play were to continue from the current score. The fair share is then
determined by computing the number of all possible future outcomes that would result in victory for each player,
weighted by their probabilities of winning each round.

Despite its emerging popularity in the 17th century, the problem of points is a concept that had been studied cen-
turies prior. Italian mathematician Luca Pacioli attempted to solve the problem in his 1494 textbook, by dividing the
stakes on the basis of the rounds previously won by each player. This result was debunked in the mid-16th century by
Niccolo Tartaglia. He noticed that if a player were to win the first round, they would obtain the entire prize pot, though
aone-point lead in a long game certainly does not imply a winner. He believed that there was no solution where both
players would be convinced of the fairness of the outcome.

The problem arose again in 1654 when it was proposed to Pascal by Chevalier de Mere. Pascal discussed this
problem thoroughly with Fermat in a series of letters, and they came up with different, yet complementary solutions,
both of which would lay the foundations of modern probability theory.

Fermat’s Method of Enumeration.

Fermat approached the problem by counting all possible future game sequences, introducing combinatorial anal-
ysis. If Player A requires a additional wins and Player B requires b, then the game could last at most a + b — 1 more
rounds. There are 2¢T°~1 possible outcomes, assuming each round is a fair 50/50 trial.

Fermat created a table of all outcome sequences and identified the number of favorable paths leading to each
player’s victory. He then split the pot proportionally:

# of favorable paths for A

Share of player A = Sath 1

His solution was counting-based and neglects the idea that these sequences do not each have the same probability.
However, his method is appreciated when the game favors counts over probabilities or when a fixed number of rounds
remain. Despite Fermat’s assumption of a uniform probability space and fixed-length pathways, his solution focused
on future additional rounds rather than the previous ones, a quality that Pascal carried into his work.

Pascal’s Method of Recursion.

Pascal’s approach was considered more modern, using recursive reasoning based on expected value. It considered
all possible pathways, taking the actual probabilities into account, something Fermat did not do. Pascal considered:

What if the game were to end after one more round - how would a single round affect the division of the prize
pot?

By examining the probabilities of just the next round, he was able to recursively compute the fair share to each
player at any point in the game. He used the expected values to calculate the new fair share, for player A, with the
recursive formula:

1 1
V(a,b) = §V(a —1,b) + §V(a7b -1)

e
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His solution became easier to compute and more applicable, as in many cases the pathways are not fixed length.
Philosophically motivated, Pascal’s model focuses on the immediate future to determine what is fair, influencing the
calculation of expected payoff in modern probability and game theory.

Through the manipulation of identities involving Pascal’s triangle, he further demonstrated the correct division of

stakes (Player A : Player B), is given by:
Sf at+b-1 fgfla+b—1
k ' k

k=0 k=b

The division of stakes problem in the 17th century was the first evidence of explicit reasoning for what we now

know as the expected value. Pascal’s triangle is used as an essential combinatorial tool in calculating the probabilities
of the remaining rounds, modeled by the binomial distribution.

Itis clear that, although the main motivating force for a solution was made by Pascal, Fermat provided the concept
of a + b — 1 additional rounds. Fermat and Pascal’s solution to the problem of points would go on to be considered
the foundation of probability theory, the discovery of expected value, and the beginning of game theory. The problem
gave early insights into fair division and the mathematical treatment of uncertainty, becoming a significant subjectin
Pascal’s work Treatise on the Arithmetic Triangle, and shaping the beginning of a systematic approach to probabilistic
thinking.

Gambler’s Ruin

In the 17th century, games of chance and gambling culture became not only a past time but a grounds for mathe-
matical thinking. One of the most enduring problems in the history of probability is gamblers ruin. Introduced in 1656
in a letter from Pascal to Fermat, the problem states:

“Let two men play with three dice ...the winner is the first to reach twelve points; what are the relative
chances of each player winning?”.

The letter was forwarded onto the Dutch mathematician and scientist Christiaan Huygens (1629-1695), who re-
formulated the problem in his book On Reasoning in Games of Chance 1657, the first formal treatise on probability.
Through simple coin-toss scenarios, the problem has implications in random walks and finance, capturing the notion
that although a game might be fair, risk of ruin is inevitable under certain conditions.

Huygens analysis of expected values revealed that a gambler could lose due to their finite capital and accumulation
of variance even in favorable games. Overtime, many versions of the problem surfaced, such as the scenario in which
two players start with equal points, transferring them until one is ruined by reaching zero points, often applied to a
gambler opposing a casino.

De Moivre’s Method of Ruin Probabilities

In 1711, De Moivre solved the gambler’s ruin problem in a clever and generalisable way by considering the specific
nominal value of each point. Let us assume a gambler starts with ¢ points whereas there opponent starts with N — ¢
points. In each round, the gambler will win and gain one point or lose and transfer one point to their opponent, with
probabilities p and q respectively, where:

g=1-p (12)

The game ends when one player is ruined or gains all N points. Let P(i) denote the probability that the gambler

will win the game. The probability that the gambler obtains all IV points in a fair or unfair game is:

1(QN7”p#q
P(i) = 1*(@ for0<i< N
%, ifp=q=0.5

(Note: P(i) is the probability of ruin.)

De Moivre’s result echoed Pascal’s earlier reasoning, providing identical outcomes when applied to games of chance.
By rigorously formalising the problem using recursive methods and probability theory, he laid the foundation for mod-
ern stochastic analysis. De Moivre’s formulation, as well as the contributions of Pascal and Huygens to the gambler’s
ruin problem, not only anticipated later developments made by Fellerin 1970, but also sparked applications for Markov
chains, financial risk modeling, and the theory of random walks.
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4.2 The Law of Large Numbers
4.2.1 Early Formulation

Jacob Bernoulli (1655 - 1705) made many contributions to the foundations of mathematics over his life, with his most
famous work deriving the first version of the Law of Large Numbers (LLN) in Bernoulli [1713]. His work titled “Ars Con-
jectandi”, published by his nephew, Nicolas Bernoulli, 8 years after his death, is now respected as a greatly significant
contribution to the theory of probability. The book contains significant work on expected value and includes much on
his theory of permutations and combinations.

The fourth section of this book is credited as being the first version and rigorous proof of the LLN. Once referred
to as his 'Golden Theorem’, now the Weak Law of Large Numbers or Bernoulli’s Theorem, states that the results of
observation would approach the theoretical probability as more trials are held. For example, according to the LLN, if
you flip a coin multiple times, the proportion of heads will get closer to 0.5 as the number of flips increases. Motivated
by a desire to understand the estimation of underlying probabilities, usually in the context of games of chance, Jacob
Bernoulli spent 20 years of his life formulating the proof produced in Ars Conjectandi for binary random variables and
the LLN.

Bernoulli explains his golden theorem through a theoretical scenario of drawing black and white balls from an urn
consecutively, with replacement, in an attempt to estimate the true proportion of black and white balls in the urn. As
the amount of balls drawn becomes greater, Bernoulli suggests that the estimation of proportion gets closer to the true
ratio of black to white balls. He suggests that a more accurate estimation of the proportion can be achieved through a
larger number of trials.

The LLN is applicable to many fields from financial risk assessments to the estimation of probabilities in medi-
cal research. Large datasets and simulations are favored in statistical research as they can demonstrate that despite
having many fluctuations, a greater number of data points will still result in a relatively reliable average.

4.2.2 The Weak Laws of Large Numbers

Many mathematicians throughout the 19™ and 20" centuries deepened Jakob Bernoulli’s LLN results, rigorously gen-
eralisingthem and providing modern foundations for probability theory. These developmentsintroduced and clarified
fundamental concepts still central to undergraduate probability and measure theory courses today - such as indepen-
dence, randomness, and convergence.

Poisson’s Approximation to the Binomial

In 1837, the French mathematician and physicist Siméon-Denis Poisson coined the term “law of large numbers”
(la loi des grands nombres) in his treatise Recherches sur la probabilité des jugements [?]. Mathematically, Poisson
worked with a model of independent Bernoulli trials with small probability of success.

Figure 22: Portrait of Siméon-Denis Poisson by E. Marcellot, 1804

L
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Theorem 4.1 (Poisson Limit Theorem, Poisson 1837). Let X, X5, ..., X,, be independent Bernoulli random variables
with success probability p,,, and let
Sp = > 1, X; ~ Binomial(n, p,,). Suppose that

lim np, = A > 0.

n—oo
Then, for every k € Ny, the binomial probability mass function converges to the
Poisson distribution with parameter \:
—A)\k
lim P(S, = k) = &

The proof to this theorem can be found in Chapter 3 of Papoulis [1991].

This is essentially the same result as Bernoulli’s LLN, but Poisson was the first to articulate it under the now-
standard terminology and with practical framing. This Poisson limit theorem not only served as an approximation
to binomial probabilities in practical applications, but also bridged the LLN with the modeling of rare events when
exact binomial calculations were computationally infeasible. His formulation gave the LLN broader relevance for real-
world statistical inference-particularly when events were individually unlikely but frequent in aggregate. Poisson was
the first mathematician to take LLN from games and theory into real-world applications, along side Belgian-French
astronomer, mathematician, statistician and sociologist Adolphe Quetelet, such as decision making for jury trials,
demographics, and life insurance.

Chebyshev’s Generalisation of LLN

A major leap in generality came with the work of the Russian mathematician Pafnuty Chebyshev. In 1867, Cheby-
shev proved a version of the Law of Large Numbers that applied to arbitrary independent and identically distributed
(i.i.d.) random variables with finite variance, moving beyond the Bernoulli/binomial cases of his predecessors. Cheby-
shev’s contribution was not only the generalisation itself, but also the use of what is now known as Chebyshev’s in-
equality, given by

1
P(|X —p| <ko)>1- =L forallk > 0,
to bound the probability of large deviations from the mean.

Theorem 4.2 (Chebyshev’s Weak Law of Large Numbers, 1867). Let X1, Xo, ..., X,, be independent and identically
distributed (i.i.d.) random variables with finite mean . = E[X;] and finite variance 0> = Var(X;) < oc. Define the

sample mean by
_ 1 &
X,=—-) X,

0.2
)

Then, forany e > 0,
P([Xn—nlze) <
which implies that

= P
X, —u asn — oo.

The proof of this theorem can be seen in many undergraduate textbooks, but some recommended ones are Grim-
mett and Welsh [2014], Grinstead and Snell [2012] and Ross [2020].

Thisresult, known as the Weak Law of Large Numbers, shows that the sample mean converges to the expected value
in probability, under minimal assumptions. Specifically, it requires only that the random variables are independent,
identically distributed, and possess a finite variance - that is, E[X;] = u < oo and Var(X;) = ¢ < oo. Cheby-
shev’s ideas paved the way for more sophisticated limit theorems in probability, including the Central Limit Theorem,
which we will discuss later on, and various strong laws of large numbers developed later by Khinchin, Kolmogorov,

and others.

Khinchin’s LLN Under Minimal Conditions

Asignificantadvancementin the theory of large numbers came from the Russian mathematician Aleksandr Khinchin
in 1929, in his "Ueber das Gesetz der grossen Zahlen" [Khinchin, 1929]. Building on Chebyshev’s earlier work, Khinchin
proved that the Weak Law of Large Numbers still holds under a strictly weaker assumption: it is sufficient for the random
variables to have a finite mean - no assumption on the variance is necessary.

This result greatly broadened the applicability of the LLN to distributions with heavy tails (e.g., Cauchy-type vari-
ables truncated to have afinite mean but infinite variance), and it refined our understanding of the minimal conditions
under which statistical averages converge.
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Theorem 4.3 (Khinchin’s Weak Law of Large Numbers, 1929). Let X1, Xs,... be independent and i.i.d. with a finite
mean u = E[X;] < oo (but possibly infinite variance). Define the sample mean by

_ 1 &
Xn:E;XZ-.

Then,
XoDp asn— oo

The proof, which uses truncation techniques and tail bounds instead of Chebyshev’s inequality, shows that the con-
vergence in probability of the average of the sample to the expected value requires only the existence of the first mo-
ment. The proof of this can be found in many graduate textbooks; see, for example, Billingsley [2013], which discusses
weak convergence in detail, and Proschan and Shaw [2018] for background on the various modes of convergence.

Khinchin’s theorem thus provides the most general form of the Weak Law of Large Numbers (WLLN) for i.i.d. se-
quences and forms the theoretical basis for many practical statistical techniques. It is specifically useful in simulation
and computational statistics, such as Monte Carlo integration, where the sample average X, is used to estimate
E[X]. Khinchin’s WLLN guarantees that this estimate converges to the true expectation even when the underlying
distribution has infinite variance.

Infields like insurance, finance, and network traffic modeling, data often exhibit heavy-tailed behavior. Khinchin’s
WLLN assures practitioners that empirical averages remain valid estimators as long as the mean exists, even if the vari-
ance does not. In many cases, this law provides practitioners with the ability to rely on convergence in probability of
averages without requiring second-order properties of the data.

4.2.3 Kolmogorov’s Strong Law of Large Numbers (1933)

From Borel’s Coin Tosses to Cantelli’s Lemmas

So far, all versions of the LLN discussed have been “weak” laws, concerning convergence in probability. A stronger
mode of convergence is almost sure (a.s.) convergence, which guarantees that the sequence of sample averages
converges to the expected value with probability one. A result of this form is called a Strong Law of Large Numbers
(SLLN). The strong law is strictly stronger than the weak law: almost sure convergence implies convergence in proba-
bility, but not vice versa.

The first SLLN was proved by Emile Borel in 1909 in Borel [1909], for the case of i.i.d. Bernoulli(p) trials. His result
showed that with probability one, the relative frequency of successes converges to the probability of success. Borel’s
approach was number-theoretic and focused on binary expansions of real numbersin [0, 1].

Building on this, Francesco Cantelli in 1917, Cantelli [1917], extended the strong law to more general sequences
of random variables under moment conditions. His proof introduced analytic tools and what would later be formalised
as the Borel-Cantelli lemma.

Kolmogorov’s Axiomatic Breakthrough

The transition from the Weak to the Strong Law of Large Numbers was one of the most important milestones in the
formalisation of modern probability theory. The pivotal contribution came from the Russian mathematician Andrey
Kolmogorov in 1933, whose monograph Grundbegriffe der Wahrscheinlichkeitsrechnung laid the
axiomatic foundations of probability via measure theory [Kolmogorov, 1933a]. Within this framework, Kolmogorov
rigorously established a version of the Law of Large Numbers that ensures almost sure convergence - that is, conver-
gence of the sample mean for almost every realisation of the sequence of random variables (refer to Proschan and
Shaw [2018] for background on the various modes of convergence).

Theorem 4.4 (Kolmogorov’s Strong Law of Large Numbers, 1933). Let X1, X, ... be a sequence of i.i.d. random vari-
ables with finite mean p = E[X;] < cc. Then,

I s
—ZXZ»—>GS L asn — oo.
n

i=1

That is, with probability 1,

N
Jm o2 K=

e
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The proof of this theorem can be found in Section 7.5 of Grimmett and Welsh [2014] and Section 6 of Billingsley
[2013]. Some applications of both the WLLN and Strong Law of Large Numbers (SLLN) can be found in Section 7 of
Proschan and Shaw [2018].

Kolmogorov’s SLLN represents a significant strengthening of the Weak Law: rather than merely guaranteeing that
the sample mean converges to the true mean in probability, it asserts that this convergence occurs almost surely - that
is, for almost every sample path. In other words, deviations from the expected value are not just uncommon; they
eventually vanish entirely for nearly all infinite sequences of outcomes.

Developed alongside his groundbreaking axiomatic foundation of probability theory, Kolmogorov’s formulation
of the SLLN cemented the modern understanding of convergence and formalised probability as a rigorous branch of
real analysis. Most remarkably, Kolmogorov proved that for i.i.d. sequences, the SLLN holds if and only if the first ab-
solute moment is finite: E[| X |] < oc. This established the minimal condition under which sample averages converge
almost surely to the mean-a result that remains a cornerstone of both theoretical probability and its wide-ranging
applications.

Summary: From Early Results to Rigorous Foundations

Let X7, Xs, ... bean infinite sequence of identically distributed, Lebesgue integrable random variables. Define
the sample mean:

— 1 .
Weak law of large numbers:
Ve>0, lim Pr(|X,—u|>¢)=0
n—oo
Strong law of large numbers:

Pr(lim Ynzlu)zl

n—roo

4,3 The Central Limit Theorem

The development of Central Limit Theorem (CLT) was a gradual process, with contributions from many brilliant mathe-
maticians over centuries. The work by Hans Fischer [2010] provides a detailed historical and mathematical explanation
of the development of the CLT throughout the years. This section explores the key figures and their contributions to
the CLT.

4.3.1 First Glimpse of the Bell Curve: De Moivre-Laplace Theorem

Early mathematicians were fascinated by games of chance; they wanted to predict outcomes and calculate probabil-
ities accurately. One common problem involved binomial distributions, which describe the number of successes in a
fixed number of independent trials, n, each with the same probability of success.

For instance, consider flipping a fair coin n times. What is the probability of observing exactly £ heads? While exact
binomial calculations are feasible for small n, they become increasingly cumbersome for large n. Questions such as
“what is the probability of getting 50 heads out of 100 tosses?” or “what happens when we flip a coin a million times?”
demand more efficient tools.

The need for a simpler way to calculate these probabilities drove the work of Abraham de Moivre and later Pierre-
Simon Laplace. They sought a continuous approximation to the discrete binomial distribution that would be easier
to work with, especially for large n.

Abraham de Moivre (1667-1754) was from a French family. From 1684 he studied mathematics in Paris, and
then left for England at the age of 21, where he lived for the rest of his life, working with gamblers, actuaries, and
astronomers (Figure 23.

In his seminal work The Doctrine of Chances de Moivre [1738], De Moivre first derived the normal curve as a limit
of the binomial distribution. He discovered that as the number of trials n increases, its shape begins to resemble
a smooth, bell-shaped curve. De Moivre’s approximation enabled the estimation of binomial probabilities without
computing cumbersome factorials.

e
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Figure 23: Portrait of de Moivre by Joseph Highmore, 1736

Building upon this, Pierre-Simon Laplace generalised de Moivre’s findings in his Théorie Analytique des Probabilités
Laplace [1812] (Analytical Theory of Probabilities), providing a more rigorous treatment and extending its applicability.
This became known as the De Moivre-Laplace Theorem.

Theorem 4.5 (De Moivre-Laplace Theorem, 1738). If k is the number of successes in n independent Bernoulli trials,
each with probability of success p, then for large n, the distribution of k can be approximated by a normal distribution
with mean u = np and variance o = np(1 — p):

(k—np)?

k "~ V2mnp(l—p)

This theorem was revolutionary because it showed that the normal distribution, previously observed in some mea-
surement errors, had a fundamental connection to random events. It provided a powerful tool for approximating bi-
nomial probabilities without extensive calculations.

4.3.2 Generating functions (1749-1827)

In the 18th century, the emerging field of modern astronomy was shaped by a growing demand for precision. Laplace,
a polymath in mathematics, astronomy, and statistics, aimed to bring analytical rigor to the problem of observational
error. He sought a general mathematical framework to quantify and manage uncertainty in scientific measurements.

Laplace’s profound contribution to this problem, outlined in his monumental work Théorie Analytique des Proba-
bilités Laplace [1812], lay in his sophisticated use of generating functions to analyse the sum of independent errors.
While earlier work by de Moivre had shown the normal curve as an approximation for binomial sums, Laplace extended
this concept significantly, demonstrating its broader applicability to the aggregation of diverse error sources.

Definition 4.1. Let X be a discrete random variable taking values in Ny. The probability generating function (pgf) of
X is defined as:

Gx(t) = E[t¥] = i]P’(X =k)t*, fort €0,1].
k=0

The pgf compactly encodes the entire distribution of X in its Taylor coefficients. In particular, the k-th derivative
evaluated att = 0 gives:

G¥ (0
P(X =k)= )2!( ).

Laplace recognised that the total error in an astronomical measurement was often the sum of many small, inde-
pendent errors arising from different sources (e.g., instrument calibration, atmospheric refraction, observer’s reaction
time). Even if the distribution of each individual error was unknown or complex, he showed that the distribution of
their sum would tend towards a normal distribution as the number of error sources increased. This was a profound
generalisation of the principles underlying the Central Limit Theorem.
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4.3.3 Shaping the Bell Curve: Gauss and the Least Squares Method

In 1801, a small space object named Ceres was found, but it quickly disappeared behind the sun. Astronomers had
only a few initial measurements of its path, and these measurements were not perfect. The big problem was: How
could they use these few, slightly wrong numbers to figure out where Ceres would go next, so they could find it again?

Carl Friedrich Gauss saw this important problem and wanted to find a proper way to get the most likely true an-
swer from measurements that had errors. Gauss came up with an answer in 1809. In his work Theoria Motus Corporum
Coelestium, Gauss fisrt proposed the Method of Least Squares, a mathematical approach to estimating unknown
quantities from imperfect measurements. The key idea is to choose the values of the parameters, 6, that minimise the
sum of squared deviations between the observed data and the values predicted by a model:

mln g f(zi; 0 2.

In other words, suppose that you have many dots on a graph and you want to draw a line that best fits them. "Least
squares" tells you to draw the line that makes the total of all the vertical distances from the dots to the line, when each
distance is squared, as tiny as possible. This way, bigger mistakes count more, which helps find a better fit.

Gauss didn’t stop at proposing a fitting method; he sought to understand the probabilistic implications of the Least
Squares. He then asked: if Least Squares is the best way to find answers, what does that tell us about the errors them-
selves? He showed that if measurement errors are independent, symmetrically distributed, and small errors are more
likely than large ones, then the only error distribution that makes the least squares estimator 6 ( ~ ) the most likely
(i.e., the maximum likelihood estimator) is the normal distribution:

fz) =

1 x2
exp| —— |-
V2ro? P\ 207
This connection helped solidify the normal distribution as a universal model for measurement error and variabil-

ity in the natural sciences. Combined with Laplace’s work on error aggregation, Gauss’s contribution helped shape the
statistical foundation of the Central Limit Theorem and inferential statistics.

4.3.4 Unveiling the Universal Bell Curve: Central Limit Theory

By the late 19th and early 20th centuries, mathematicians knew the normal distribution showed up repeatedly. But
their proofs often relied on specific conditions like dealing with coin flips, or assuming errors were perfectly indepen-
dent and identical. The big question became: Can we prove the Central Limit Theorem holds true for any collection of
independent random events? The rigour of mathematics drove these mathematicians to explore and precisely define
the minimum conditions for the “Central Limit Theorem”.

Lyapunov’s First Big Step (1901)

Alexander Lyapunov, a Russian mathematician, took a major leap in 1901. He gave one of the first proofs for the
Central Limit Theorem that worked for a much wider range of random events. He provided one of the first general
conditions under which the sum of independent but not necessarily identically distributed random variables converges
to the normal distribution.

Theorem 4.6 (Lyapunov’s Central Limit Theorem, 1901). Let X, Xs, ..., X, be a sequence of independent random
variables with finite means p; = E[X;] and finite variances o = V[X]. Define the total variance:

Assume that s2 — oo asn — oo, and for some § > 0, the Lyapunov condition holds:

lim 2+OZE X, — ] = 0.

n—oo g
n
i=1

Then the normalised sum

D i (Xi — i)
Sn

converges in distribution to the standard normal distribution:

7 =

Zn % N(0,1).
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Lyapunov’s condition essentially controls the size of the “tails” of the distributions, ensuring that no single vari-
able is too erratic or has extreme influence on the total sum. His theorem was a major generalisation, expanding the
reach of the CLT to sums of unequal, heteroscedastic random variables. It paved the way for further developments
such as the Lindeberg-Feller theorem, which refined and weakened these assumptions even further.

Lindeberg and Feller: Pinpointing the Exact Conditions (1922-1935)

While Lyapunov had already laid a strong foundation for the Central Limit Theorem (CLT), it was Jarl Waldemar
Lindebergin 1922, and later William Feller in 1935 pushed this further. They discovered conditions that were not only
sufficient but also necessary for the CLT to hold.

The central innovation is the Lindeberg condition, a precise way to rule out the possibility that a few extreme
values dominate the sum. It ensures that no individual summand has a disproportionately large variance relative to
the whole sum.

Formally, for every small positive number € > 0, as n gets very large, the following expression must get closer and
closer to zero:

) 1 & 2
A Z} E[(Xi = 1) "1 X, —pi|>es, ] = 0

where s2 = > | o7 (the total spread of the sum), and 1 4 is the indicator function that takes the value 1 if event A
is true, and 0 if false. This condition guarantees that the contribution of large deviations vanishes as n — oo, so the
total sum is well-behaved and converges to the normal distribution.

The Feller’s theorem is as follows.

Theorem 4.7 (Lindeberg-Feller Central Limit Theorem, 1922-1935). Let X1, Xo, ..., X,, be asequence of independent
random variables with finite means p; = E[X;] and finite variances o = V[X;]. Define the total variance:

n
2 _ 2
sy = E o;.
i=1

Assume that s2 — oo asn — oo.

Then the normalised sum .
7 — Zi:l(Xi - .Ui)

Sn

converges in distribution to the standard normal distribution,
d
Z, = N(0,1),

if and only if the Lindeberg condition holds: for every e > 0,
lim — . E[(X 2.1 =0
nll)go 57% z_; [( i /1'1) ’ {|Xq,—/L7:\>esn}] = U

These rigorous conditions completed the classical theory of the CLT. The result explains why the normal distri-
bution appears so ubiquitously: from physical measurement errors to stock price fluctuations, average behaviours
converge to the bell curve, but only under the right assumptions.

Comparing Lyapunov and Lindeberg-Feller Theorems

» Lyapunov’s CLT (1901) is a powerful and elegant sufficient condition: it works when the random variables are
independent and have uniformly bounded moments beyond second order (i.e., there exists a § > 0 such that the
(2 + 9)-th moment is finite). It is relatively easy to verify, but is not necessary.

+ Lindeberg-Feller CLT (1922-1935) provides a necessary and sufficient condition for convergence to the normal
distribution. It uses the Lindeberg condition - which precisely controls how much “weight” can be in the tails.

Use case: Lyapunov’s theorem is easier to apply when moment conditions are known, but Lindeberg-Feller is the
ultimate test for convergence: if it fails, the CLT fails. Proofs for both theorems can be found in graduate textbooks,
some of which are Billingsley [2013] and Feller [1971].

e
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4.4 Applications

The Limit Theorems play a central role in modern mathematical developments. While its classical history is associated
with European mathematicians, as noted in the previous section, the contributions and applications from the late 20th
century to the present day also include developments by underrepresented groups. In this section, we highlight the
impact of the LLN and CLT through various applied fields, and the people behind these results.

Additional code examples of the applications are available on the project’s GitHub repository.

4.4.1 The St. Petersburg Paradox (1713-1738)

The St. Petersburg paradox is a famous historical problem in probability theory, introduced in 1713 by Nicolas
Bernoulli and later discussed in depth by his cousin Daniel Bernoulli in 1738 in his work Exposition of a New The-
ory on the Measurement of Risk Bernoulli [1738].

The game is defined as follows:
« Aplayer pays an entry fee to play a coin-tossing game.
« Afair coin is tossed repeatedly until a head appears.
« If the first head appears on the n-th toss, the player receives a payout of 2" pounds.

Thus, the random variable X representing the payout satisfies:

The Paradox:
What is the fair amount of money that the casino could charge a player to enter the game?

Most rational individuals would only be willing to pay a modest fee (e.g., £5 or £10) - certainly not an infinite amount.
But mathematically, the player should be willing to pay any finite amount to play the game since the expected returns
from the game are unlimited. This highlights a disconnect between theoretical expectation and practical decision-
making.

Resolution: Bernoulli argued that the value of money is not linear. For example, gaining £100 has more significance
forapoorindividual than for a millionaire. This observation led him to propose a concave utility function that models
diminishing marginal utility:

U(w) = log(w),

where w is a person’s wealth.

Suppose a player has initial wealth W and pays an entry fee c to play. If the player wins 2", their final wealth is:
W =W —c+2™
Assuming the game is free to play (¢ = 0), the utility gain is:
U =log(W + 2") — log(W).

The expected utility gain becomes:
o0 1 .
AE[U] = 321 on [log(W +2") — log(W)] .

Although 2™ grows exponentially, the logarithmic function grows slowly. This keeps the utility increments small as
n increases. In fact, for small n, we can approximate the difference:

log(W +2") — log(W) = log (1 + W) ~ for small n,

. o
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https://github.com/Ivelina0/History-of-Mathematics

but this approximation breaks down for large n, and the true utility growth remains bounded. It turns out:

nlog(2)

AE[U] ~ > o = 2log(2),

a finite value. Bernoulli’s formulation resolves the paradox by showing that while the expected monetary payout is
infinite, the expected utility remains finite.

Connection to the LLN and CLT: The St. Petersburg game serves as an early example of a situation where the classical
limit theorems of probability theory do not apply:

« The LLN requires at least a finite first moment (E[X] < oo) to guarantee convergence of averages.
« The CLT requires a finite second moment (E[X 2] < o) to ensure convergence in distribution to the normal law.

In the case of the St. Petersburg game, the extreme values dominate, leading to a heavy-tailed distribution that
violates theregularity assumptions required by these limit theorems. The paradox serves as an early historical example
that motivated the development of more robust theories of risk and utility, well before the formalisation of probability
convergence.

4.4.2 Brownian Motion as a Scaling Limit of Random Walks

Brownian motion is a central object in probability theory and mathematical physics. It is a continuous-time stochas-
tic process that models the random movement of particles in a fluid, describing any quantity that undergoes constant,
small, random fluctuations. Brownian motion arises as the scaling limit of symmetric random walks, a direct conse-
quence of the CLT. Arandom walk is a stochastic process described by the successive sum of independent, identically
distributed random variables. More formally:

Definition 4.2 (Random walk). Suppose that X1, X», ... is a sequence of R%-valued i.i.d random variables. A random
walk started at Sy € R% is the sequence (S, ),>0 given by

Sn=8+X1+Xo+...+ X, n>1.
The quantities (X,,) are the steps of the random walk.

Persi Diaconis, a mathematician of Sephardic Jewish descent, has extensively studied the probabilistic structures
of random processes, including convergence to Brownian motion. Jean-Pierre Kahane, a French-Jewish mathemati-
cian, contributed to harmonic analysis and probabilistic methods on groups, including the behaviour of random walks.
Their work reflects how diverse backgrounds have contributed to our deep understanding of the LLN and CLT’s mani-
festation in continuous-time processes like Brownian motion.

The random walk is a simple example that beautifully demonstrates both the LLN and the CLT. As we increase the
number of steps, the average position stabilises (LLN), the fluctuations form a bell curve (CLT), and with proper scaling,
the walk turns into Brownian motion - a continuous limit of a discrete process:

1. Random Walks and the LLN.
Consider a simple symmetric random walk:

" 1
n = X, X;e{-1,41}, PX;=1)=P(X;=-1)=<=
5.=3 e{-1,+1}, P(Xi=1)=PF )=3
By the LLN:
S’ﬂ a.s.
— =30
n

The average position converges almost surely to zero.

2. Random Walks and the CLT.

By the CLT:

Sn d
%—U\/’(O,l)

While the average position converges to 0, the fluctuations grow like 1/, forming a bell-shaped distribution.
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3. From Random Walk to Brownian Motion.
Define a rescaled process:

where the floor function |nt] gives the greatest integer less than or equal to nt. Then, as n — oo, W, (¥) 4,

B(t), where B(t) is standard Brownian motion. This convergence is known as Donsker’s Theorem, a functional
version of the CLT.

4.4.3 Markov Chains

A “Markov chain” or Markov process is a discrete-time stochastic process on a state space that satisfies the Markov
property [Geyer, 1998]. A stochastic process is a sequence X, Xo, ... of random elements of a state space (a state
space is a fixed set where the random variables take values). In simple terms, the Markov property means that the
future is independent of the past given the present state. Hence,

A Markov chain is a discrete-time stochastic process X1, Xo, ... that takes values in a state space, and
has the property that the conditional distribution of X, 1 given the past, X1, ..., X,, depends only on the
present state X,,.

There are two main components of a Markov chain: the initial distribution and the transition probabilities. The
former is the marginal distribution of X;. Meanwhile, the latter refers to the conditional distribution of X, given
X,,. Itis common to assume that the Markov chain has stationary transition probabilities, meaning that there is only
one conditional distribution since they are the same for all n. Furthermore, a Markov chain is stationary if the joint
distribution of (X, X;,41, . .., X,,1+1) does not change when translated over time, that is, it does not depend on n for
each fixed k. Note that a Markov chain having stationary transition probabilities is not necessarily stationary.

Andrey Markov (1856-1922) was a Russian mathematician known for his developments on the theory of stochas-
tic processes, particularly the aforementioned Markov chains. Markov is even more famous for removing the inde-
pendence assumption in the LLN. In 1906, motivated by a public dispute with the Moscow mathematician Pavel
Nekrasov, Markov introduced what we now call Markov chains to show that statistical regularity does not require
independent trials. Nekrasov had claimed that independence was necessary for the LLN - a claim Markov viewed as
erroneous, especially since Nekrasov was linking it to philosophical arguments about free will.

To refute this, Markov considered a sequence of dependent trials where the probability of each outcome depends
on the previous outcome (the simplest Markov chain) and proved that even here, the long-run frequency of states
converges to a constant distribution. In other words, he proved a weak law of large numbers without independence,
establishing what we now recognise as an ergodic theorem for Markov chains, an astonosing achievement, as for over
200 years we had relied on the assumption of independence of trials. This result was groundbreaking: it provided a
connection from the LLN theory to the realm of stochastic processes and demonstrated that “mixing” (as in a Markov
chain with a unique stationary distribution) can substitute independence in producing stable averages. In summary.
Markov’s work laid the groundwork for ergodic theory; he even proved a CLT for Markov chains a bit later.

The Central Limit Theorem is for Harris ergodic Markov chains; chains that are irreducible and recurrent. That is,
the chain can reach any part of the state space and will return to a small subset infinitely often, with probability 1. Let
X = Xo, X1, Xo, ... beaHarris ergodic Markov chain with invariant probability distribution 7 and support X. Let f
be a function and define iz,, = % i, f(X;). Inageneral sense, the CLT states that

Vi, — Exf) % N(0,0%)

asn — oo, where 07 = V [f(Xo)] +2 372, cov [f(Xo), f(Xi)] < oo.

Afun fact is that Markov initially used the idea of Markov chains to analyse letter patterns in Alexander Pushkin’s
poetry "Eugene Onegin", not in finance or physics. The idea was that the probability of the next letter in a word de-
pends on the previous letter. This idea has fuelled the rise of Search Engines like Yahoo and Google, as well as Natural
Language Processing (NLP) algorithms in modern day, and more specifically has given a foundation for the Neural
Network architecture that models current GPTs, like ChatGPT and Gemini.

4.4.4 Monte Carlo integration

A common class of numerical problems in statistical inference is integration problems, where an exact analytical so-
lution is either difficult or impossible to attain. Hence, we can rely on numerical solutions, such as simulations, to
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calculate the quantities of interest. Monte Carlo is a popular choice as one of those methods, used for the generic
problem of evaluating the integral
/ f(z (13)

where X denotes the support of the random variable X (the set where X takes its values), and in most cases it equals
the support of the density function .

The name “Monte Carlo” originates from the famous Monte Carlo Casino in Monaco, reflecting the method’s re-
liance on randomness and chance, similar to gambling - since the technique uses random sampling to estimate de-
terministic quantities.

To approximate p, we draw a sample (X7, ..., X,,) independently from the density = and use as an approximation
to the integral (13) the sample average

1 n

By the Strong Law of Large Numbers, we have
T 255 1= Eq[f(X)] asn— oo,
which ensures that the Monte Carlo estimate converges almost surely to the true expected value p as the sample size

increases.
The variance of the approximation can also be estimated from the sample by

I _
o2 = o S UK -
i=1
Let 02 = V. (f(X)) < oo. Then Central Limit Theorem tells us that, for large n,

Vi, — ) & N(0,02),

or equivalently,

oy,
Un/f 4 N(0,1),

This result allows us to construct confidence intervals around the estimate 1,, and quantify the uncertainty of our
approximation. Robert and Casella [2019] is a friendly reference for an introduction to Monte Carlo methods and their
implementation in the programming language R.

These limit theorems also provide part of the mathematical foundation for more sophisticated simulation meth-
ods. In particular, analogous laws of large numbers and central limit theorems for Markov chains underpin Markov
chain Monte Carlo (MCMC), in which dependent samples are generated to explore complicated probability distribu-
tions. MCMC became especially important for Bayesian inference after the 1950s; its historical development, beginning
with the Metropolis algorithm, is discussed in Section 7.

Another important figure was Augusta Maria "Mici" Teller, a Jewish Hungarian-American scientist who also con-
tributed to the development of early computing and the application of statistical physics to numerical simulations.

4.4.5 Conclusions

The Law of Large Numbers and Central Limit Theorem - two fundamental limit theorems - have shaped modern
mathematics and its applications. Highlighting the contributions of underrepresented mathematicians gives overdue
recognition to those who advanced these theories, applied them in new domains, and promoted equity in mathemat-
ical education and research.
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5 Algorithms for Solving Algebraic Equations

Related topics: Number Theory, Algebra
5.1 The history of division

Division has been around in many forms, and tracing its history can be long and varied. Interestingly, some of the
widespread ideas behind division came from best rational approximations, hinting at the awareness of irrationality
well before the Pythagoras school. The history in Egypt details this as they had impossibly long division algorithms
for approximations to things they couldn’t measure Lumpkin [2002]. Moreover, the Egyptians were clearly aware of
zero as a value, by the nfr symbol, meaning complete or beautiful. This concept has been around in Indian and Mayan
culture also [Joseph, 2010, p. 15], but not as a numeral or object with properties in its own right.

Even more so, the introduction of algorithmic thinking behind division led towards the general ideas of great-
est common divisors and the associated domains. The introduction of zero by Islamic mathematicians presented a
change in perspective to the application of such structures as well as identity elements in other algebraic structures
Baki [1992]. It is said that the influence of the Islamic scholars spread to much of China, giving more familiar number
systems to which we use today. There was also a massive, and often underappreciated, contribution to the heliocen-
tric model of our solar system formalised by Copernicus. Specifically, he used theorems of Nasir al-Din al-Tusi and
Muayyad al-Din al-Urdi in the mid 1200s (cf. De Revolutionibus and Blasjc [2014]).

In particular, Indian mathematics, as presented in The Crest of the Peacock, is portrayed as a rich and original
tradition deeply rooted in astronomy, commerce, ritual practices, and education. Rather than being deductive and
axiomatic like the Greek tradition, Indian mathematics was algorithmic, procedural, and often utilitarian in nature.

Indian mathematics evolved through several distinct periods and was well-recorded:

« The Vedic Period (c. 1500-500 BCE): Early mathematical ideas appear in ritual texts known as the Sulbasutras,
where geometry was used for altar constructions and approximations of quantities such as square roots and =
were computed.

+ The Jaina and Buddhist Periods: Mathematicians of the Jaina tradition explored very large numbers, permu-
tations, and combinations. These works show a deep interest in numerical operations and arithmetic logic.

« The Classical Period (c. 5th century CE onward): Marked by figures such as Aryabhata, who introduced place-
value decimal notation, and contributed to algebra and astronomy using systematic and rule-based methods.

A central feature of Indian mathematics, as mentioned above, is its preference for algorithmic and procedural
problem-solving methods. Instead of developing mathematics from axioms as in Euclid’s Elements, Indian mathe-
maticians used step-by-step techniques to compute results. This is evident in several areas:

« Arithmetic operations such as multiplication, square roots, and cube roots were taught using tabulated steps
and verbal algorithms.

« Algebraic equations, including indeterminate equations (of the form ax + by = ¢), were solved using recur-
sive techniques. One such technique - the Kuttaka method, which we will discuss in Section 5.3.4 - functions
similarly to the Euclidean algorithm for computing greatest common divisors (GCDs).

« The Sulbasutras contain procedures for constructing right angles and transforming geometric figures, reflecting
a numeric and constructionist approach to geometry.

Indian mathematics did not remain isolated. The computational methods developed in India had far-reaching
influence:

“In the field of mathematics the Islamic world brought together... the remarkable instrument of computa-
tion (our number system) that originated in India... These strands were supplemented by a systematic and
consistent language of calculation that came to be known by its Arabic name, algebra.” [Joseph, 2010, p.7]

5.2 Euclid’s Algorithm
5.2.1 The History of Calendars and Astronomy

Ancient astronomers faced a timeless challenge: how to align the solar year, the lunar month, and planetary cycles,
which do not neatly fit together. For example:
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+ 1 Solaryear ~ 365.2422 days
« 1Lunar month ~ 29.5306 days

These do not divide evenly, so:
How many lunar months fit in a solar year?

Mathematicians used the GCD and Euclid’s algorithm to find the best rational approximations of such irrational
ratios. The Euclidean algorithm finds the GCD of two numbers and, by extension, helps compute the least common
multiple (LCM) - essential in synchronizing cycles. This principle underlies the famous:

Metonic cycle: 19 solar years = 235 lunar months

Figure 24: Depiction of the 19 years of the Metonic cycle as a wheel, with the Julian date of the Easter New Moon, from
a 9th-century computistic manuscript made in St. Emmeram’s Abbey (Clm 14456, fol. 71r)

Used in the Greek, Babylonian, and Hebrew calendars, this equivalence was found using GCD reasoning to identify
common multiples.

Indian astronomers like Aryabhata used algorithmic methods akin to Euclid’s to solve cyclic equations and align
calendars. These methods included the Kuttaka algorithm, which was used to solve equations of the form ax + by = ¢,
particularly in astronomical computations such as determining planetary positions and eclipse timings. The Indian
use of such algorithms predates the Latin translations of Euclid and was integral to the accuracy of sidereal and lunar
calendar systems.

Chinese mathematicians, asdiscussed inthe Nine Chaptersonthe Mathematical Art Dauben [2013], solved calendar
and modular congruence problems with methods related to the GCD and remainders. One notable contributor was
Liu Hui (3rd century CE), who provided detailed commentaries and algorithms resembling the Euclidean algorithm to
solve linear congruences and reduce fractions. Later, in the 3rd-5th centuries CE, Sun Zi introduced an early version of
the Chinese Remainder Theorem - a concept deeply connected to modular arithmetic and Euclid’s algorithm - which
we will explore in Section 5.3. These tools were crucial in astronomical and calendrical computations.

Islamic scholars translated and refined Greek and Indian works, applying GCD concepts in astronomical tables and
eclipse prediction. Notable figures include Al-Khwarizmi (9th century), who synthesised Indian arithmetic and Greek
geometry in his astronomical tables, and Al-Biruni (11th century), who applied number-theoretic methods to lunar
calculations and timekeeping. The use of algorithms akin to the Euclidean method was essential in synchronizing
lunar and solar calendars, computing least common multiples and periods of planetary orbits, and solving indeter-
minate equations. Their translation work—especially from the Sanskrit and Greek texts—laid the foundation for later
developments in Europe.
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“Mathematics and astronomy were intertwined in many ancient traditions, with indeterminate analysis and
GCD algorithms applied to predict eclipses, align calendars, and track planetary conjunctions.” Joseph
[2010]

All these contributions have helped the development of modern systems, such as:
» Timekeeping (and for example calculating leap-year rules), Harris and Reingold [2004],
« Musical scale systems, Von Zur Gathen and Gerhard [2003],

+ Encryption and modular arithmetic in computing, European Information Technologies Certification Academy.

5.2.2 Greatest Common Divisors

The greatest common divisor (GCD) of two integers is the largest number that divides both of them exactly.

Example:
gcd(48,18) =6

because 6 is the largest number that divides both 48 and 18 with no remainder.

Over 2,300 years ago, Euclid of Alexandria presented a method to compute the GCD in his monumental text Ele-
ments. This is now known as the Euclidean algorithm, one of the earliest recorded algorithms in history.

The GCD plays arolein:
« Simplifying ratios (e.g., reducing 100:80 to 5:4),
« Solving Diophantine equations (equations with integer solutions),
« Modular arithmetic (used in clocks, calendars, and computing).

The Euclidean algorithm relies on a simple rule: replacing a number by the remainder from dividing it by the other
does not change the GCD. In mathematical notation, we represent this rule as follows:

ged(a, b) = ged(b, a mod b)
where a mod b represents the remainder when we divide a by b. For example,
ged(48,18) = ged(18,12)

since dividing 48 by 18 has a remainder of 12. This allows us to reduce the problem step by step until we reach a
remainder of zero. Though Euclid formalised the method, the idea of common divisors appeared in other ancient
cultures, including the Babylonians and Indians.
5.2.3 Mathematical formulation of Euclid’s algorithm
Given two natural numbers a and b (with a > b), the algorithm proceeds as follows:

1. Ifb =0, then ged(a, b) = a. Stop.

2. Otherwise, replace a < b,b < a mod b, and repeat step 1.

This process terminates when the remainder becomes zero, and the last non-zero remainder is the GCD of a and b.
That is, if we let ag = a, a; = b, and define recursively:

Gp+1 = ap—1 moda, forn>1
The sequence ag, a1, asg, . .. continues until ax11 = 0. Then:
ng(a7 b) = ag

For example, we can find the gcd (252, 105) using repeated division:

252 = 2 x 105 442
)
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105 =2 x 42421
42=2x21+0

This gives us a sequence 252,105, 42, 21, 0 and the last non-zero remainder is , SO
ged(252,105) = 21

The Euclidean algorithm is very easy to implement in many coding languages. In Python, for instance, the re-
mainder when dividing a by b is written a%b, so the Euclidean algorithm can be represented by any of the following
recursively defined functions. In each case, we terminate the recursion as soon as our remainder is 0.

1 def euclidi(a,b):
2 if b>0:
3 return euclid_algorithm(b, a%b)
4 else:
return a

7 def euclid2(a,b):

8 while b>0:

9 a, b = b, a%b

10 return a

11

1» euclid3 = lambda a, b: euclid3(b, a%b) if b>0 else a

5.2.4 Connecting Euclid to the Islamic Golden Age

DuringtheIslamic Golden Age (8th-13th centuries), the renowned mathematician Muhammad ibn Misa al-Khwarizmi
made foundational contributions to algebra and arithmetic. His role was crucial not only in preserving Greek mathe-
matical knowledge, including that of Euclid, but also in transforming and extending it.

Figure 25: Portrait of al-Khwarizmi as interpreted by Anreas Strick.

Al-Khwarizmi’s most influential works include:

« Al-Kitab al-mukhtasar fi hisab al-jabr wa’l-muqabala (The Compendious Book on Calculation by Completion and
Balancing), which formalised algebra as an independent discipline and introduced “completing the square” as
a method to solve quadratic equations.

« Algorithmi de numero Indorum, a Latin translation of his work on Hindu-Arabic numerals, which introduced po-
sitional decimal arithmetic to Europe.

Though Al-Khwarizmi did not explicitly modify Euclid’s algorithm, his work exemplifies a broader shift toward al-
gorithmic and procedural thinking. The very term algorithm derives from the Latinised form of his name (Algorithmi).

His algebraic techniques—although expressed rhetorically—paved the way for a more general understanding of
problem-solving methods, within which Euclid’s algorithm fits as a fundamental archetype. Al-Khwarizmi’s emphasis
on method and process resonates with the algorithmic spirit of Euclid’s original construction.

According to George Gheverghese Joseph’s The Crest of the Peackcock Joseph [2010], Islamic scholars were not
merely passive transmitters of Greek mathematical knowledge. Instead, they acted as active synthesisers of Greek,
Indian, and Babylonian traditions. The translation and study of Euclid’s Elements into Arabic, especially during the
Abbasid Caliphate under patrons like al-Ma’miin, allowed for a renewed focus on rigorous method and structure.
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This environment enabled a reinterpretation and generalization of classical Greek methods, including Euclidean
algorithms, within a new algebraic framework. This recontextualisation would later influence European mathematics
through Latin translations in places such as Toledo and Sicily.

The intellectual connection between Euclid and Al-Khwarizmi illustrates a broader narrative: the continuity and
transformation of mathematical knowledge across cultures. While Al-Khwarizmi may not have directly altered Euclid’s
algorithm, his work laid the foundations for algorithmic reasoning and algebraic formalism, setting the stage for the
mathematical revolutions of the Renaissance and beyond.

5.2.5 Modern Generalisations

While we are familiar with the notion of GCD’s in the integers, in modern mathematics we often want to generalise these
concepts when working with more abstract algebraic structures. In doing so, it is common to develop counterparts of
Euclid’s algorithm.

The first of these one might come across in their education is when working with polynomials and the polynomial
division algorithm, which gives us a method to divide one polynomial by another (of smaller degree) and calculate
the remainder (of even smaller degree). Remember that Euclid’s algorithm works by starting with two numbers a and
b, then replacing a with b and b with a mod b (or in other words the remainder when dividing a by b) until one of the
two numbers equals 0. If we now work with polynomials f(z) and g(x), and seta = f(z) and b = g(x) and working
with polynomials, then this exact same algorithm will calculate the GCD of the two polynomials f(x) and g(z)! For
example, we can find that

ged(ab + 205 — 22 =323 + 22 + 22t — 2?4 2P - 1) =2 -1
using repeated division:

284225 — 22 — 33 4P b= (2 - 1)@ -2+ 203 —x - 1)+ (2® - 1)
ettt —r 1= (22 +20) (2% - 1) + (z — 1)
22— 1= (z+1)(x—1)+0.

More generally, we can also work with multivariate polynomials. For example, the function
p(z,y,2) = 2° + 42’y + wyz" + y*2 + 1

is a polynomial in variables x, y and z. With some work, there are generalised division algorithms which can calcu-
late the remainder when dividing one multivariate polynomial by another [Cox et al., 1997, Chapter 5.3]. By the same
principle as for single variable polynomials, this means that we can calculate the GCD of any two multivariate polyno-
mials using the Euclidean algorithm3. This is a common practice in the field of algebraic geometry, which studies the
geometric properties of the solution sets to simultaneous polynomial equations.

More generally still, in modern mathematics we often generalise ideas from the integers and (multivariate) poly-
nomial to study abstract algebraic objects called rings. Rings are algebraic structures which still have a notion of
addition and multiplication in the same way we can add or multiply two integers or two polynomials. A lot has been
studied about rings and the hierarchy of additional structures they can possess. Among these, rings which possess a
division algorithm, and hence also a generalised Euclidean algorithm for calculating the GCD of two terms, are called
Euclidean domains. Another example of a Euclidean domain is the set of real numbers of the form a + bv/3 where
a and b are integers. On the other hand, the set of even integers forms a ring which is not a Euclidean domain, and
interestingly neither are sets of multivariate polynomials, even though we can still define a generalised Euclidean al-
gorithm on them. Euclidean domains appear often in the field of number theory when trying to prove that certain
algebraic equations have unique solutions, such as proving 23 — y? = 2 has the unique positive solutionz = 3,y = 5.

5.3 Chinese Remainder Theorem
5.3.1 Diophantine equations

As we have mentioned, one of the most well-known problems related to Euclid’s algorithm and the GCD comes from
the study of Diophantine equations. A Diophantine equation can be defined as a polynomial equation with integer

3However, we can construct many generalised division algorithms which give different remainders, so the GCD may be different for different
division algorithms!
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coefficients, where we are only looking for integer solutions. The equations are named after Diophantus of Alexan-
dria, who discussed them in his Arithmetica, written around the 3rd century CE. Diophantine equations have been
studied for millennia, an early example being the Pythagorean equation,

a®>+v% =2

In particular, a linear Diophantine equation is one in which the polynomial is of degree one:

a1 + axs + ... + apnT,y, = ¢,

where a;, ¢ € Zarefixed integersand x; are unknowns (i = 1, ..., n). Asystem of linear Diophantine equationsin which
there are more unknowns than equations is often called an indeterminate system. If such a system of equations
has a solution, then there are infinitely many solutions, and we call the system soluble. One particular case of an
indeterminate system of Diophantine equations has the form,

{x +a;y; =b;, 1=1,.n

where a;, b; are given, and z, y; are unknowns. This system is characterised by the number of unknowns being
one greater than the number of equations; if i = 1 there are two unknowns and one equation, and each additional
equation only adds one unknown, preserving this characteristic of the system. As we will see, regardless of how many
equations the system consists of, this type of system can be solved using the same method.

We will examine the development of methods of solving these systems of Diophantine equations, from China and
India in the first millennia CE, to western mathematicians in the 19th century.

5.3.2 Some history of Chinese mathematics

Mathematical scholarship in China goes back more than 2000 years. The early Chinese mathematical treatise Zhou
Bi Suan Jing possibly dates back to before the edict of the first emperor of China, Qin Shi Huang, in 231 BCE ordering
that many of the books in China be burned Cooke [2013b]. Mathematics was highly regarded in China, not only for
its utility in applications such as astronomy and calendar calculations, but as an intellectual pursuit in itself Cooke
[2013b]. The Sun Zi Suan Jing or Mathematical Classic of Sun Zi writes of Maths that,

“If one neglects its studly, one will not be able to achieve excellence and thoroughness” *

The author, Sun Zi, attributes metaphysical and even religious significance to mathematics Lam, Lay Yong & Ang, Tian
Se [2004].

Whilst the Sun Zi Suan Jing is difficult to date, historians place it sometime in the 3rd to 5th century CE. The text
contains 66 problems illustrating a range of mathematical concepts, from areas including arithmetic, algebra, and
number theory Lam, Lay Yong & Ang, Tian Se [2004]. One such problem is the remainder problem, which we discuss
in the next section.

5.3.3 Sun Zi’s remainder problem

Problem 26 from chapter 3 of the Sun Zi Suan Jing is as follows:

"Now there are an unknown number of things. If we count by threes, there is a remainder 2; if we count by
fives, there is a remainder 3; if we count by sevens there is a remainder 2. Find the number of things."

This type of problem has come to be known as the remainder problem. In modern algebraic notation, we can see
that this problem is equivalent to a system of linear Diophantine equations of the form described above with i = 3,
namely:

T+ 3y =2 (1)
T+ 5y =3 (2)

Sun Zi gives the answer as 23. As we discussed above, such an equation will have an infinite solution set, but it is
implicit from the answer given that we are looking for the smallest positive integer solution to this system of equations.

4The translation of Sun Zi Suan Jing found in Lam, Lay Yong & Ang, Tian Se [2004] is used whenever the text is quoted.
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Sun Zi presents a method for obtaining this solution, which is well explained in Joseph [2010]. We start by taking
the coefficients by y» and y3, which in our case are 5 and 7 respectively. We want to find a quantity d, (associated with
y1), which is the smallest multiple of 5 and 7 that gives a remainder of 1 when divided by the coefficient by y; i.e. 3. We
findthat 70 = 2 x 3 x5 = 3 x 23+ 1 does the job. We repeat for the other symmetric cases and arrive at the numbers:

di=5xT7Tx2=3x23+1=70
do=Tx3=5x4+1=21
d3=3x5=2x7+1=15

where dy, ds, d3, are associated to y1, y2, y3, respectively. We then sum the products of the corresponding d and y

values as follows:
2xdy+3Xdy+2xds =140+ 63 + 30 = 233.

This is a solution to our system of equations, but it is not the smallest integer solution; to obtain this minimal
solution we subtract multiples of the lowest common multiple (LCM) of the coefficients 2,3 and 5 until we find the
lowest integer:

lem(5, 3,2) = 105
=233 — (2 x105) = 23.

Hence we have obtained 23 as expected.

We could easily extend this method to a system of any finite number of remainder equations by setting i and j =
n € N. Sun Zi did not give any explanation as to why this method worked or if there were any cases when the method
failed. Both of these developments would only happen afterwards, but he was the first to propose a method to solve
this problem.

5.3.4 Indian work on the problem

The next treatment of remainder problems was by the Indian mathematician and astronomer Aryabhata I (476-550
CE), one of the first mathematicians of the classical period of Indian mathematics. As with the Chinese mathemati-
cians, Aryabhata came to the study remainder problems in order to determine cycles in the orbit of planets or calendar
periods Joseph [2010].

Figure 26: Portrait of Aryabhata.

The study of remainder problems in India was known as the Kuttaka, a word derived from the verb kutt, meaning
to crush, or to pulverise. This may refer to the way in which this method reduces larger numbers to smaller num-
bers Joseph [2010], or the reduction in computation time needed to solve remainder problems using this method as
opposed to using trial and error Cooke [2013b].

In the study of the kuttaka, the Indian mathematicians made the following important observation about the solu-
bility of linear Diophantine equations, well explained by Datta & Singh [1962]. Firstly, note that if we write our system
of linear Diophantine equations with two equations in the following form,

r = ai1y1 —b1

T = asy2 — bo

we can compare the two equations to obtain a;y; — b1 = asy2 — be which, after rearranging, gives us

a1y1 — asys = ¢, where ¢ = by — bs.

Findinganinteger value of z, now becomes equivalent to finding an integer solution (y1, y2 ) to a linear Diophantine
equation of the form a1y, — asys = c. The Indian mathematicians of the classical period often solved remainder
problems by considering Diophantine equations of this form.
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The Indian mathematician Bhaskara | wrote the first major commentary on the Aryabhatiya in 629 CE Joseph
[2010]. In his discussion of solving a1y; — asys = ¢, he writes:

"The dividend and divisor will become prime to each other on being divided by the residue of their mutual
division. The operation of the pulveriser (kuttaka) should be considered in relation to them.">

In this context, the dividend and the divisor referred to are a; and aq, and the "residue of their mutual division" refers
to their greatest common divisor (GCD). Bhaskara is stating that in order to find solutions to our equation, we must
divide both sides by d = gcd(ay, as). By definition of the GCD, a; and a5 are divisible by d; and ¢ must also be divisible
by d, since we are seeking integer solutions. This effectively gives a condition for when the equation a1y; — asys = ¢
has an integer solution, namely when d divides c. In this case Bhaskara proposes an algorithm to solve for y; and ys.
This is equivalent to stating the following:

Proposition 5.1. Forall c € Nand given a,b € Z, the equation ar + bs = cis soluble in integers r and s if and only if
ged(a, b) divides c.

This shows a significant advance in the approach to solving systems of indeterminate equations. Sun Zi was simply
proposing a method which he knew worked for some equations; Bhaskara gives us a way of telling if an equation is
soluble without us needing to try and solve it first.

5.3.5 Advances in the 17th-19th centuries

The study of remainder problems by Chinese and Indian mathematicians continued for many centuries, but for the
sake of brevity we will now consider the approach taken to this problem by European mathematicians in modern
times. The developments in this field in the 17th-19th centuries are well explained in an article by Bullynck [2008],
which we draw on below.

The first major work on this problem in the Europe was done by the French mathematician Claude Gaspar Bachet
de Mériziac (1581-1638). He is well-known for producing a translation of Diophantus’s work Arithmetica®, and for
writing books of recreational mathematics. In his works, Bachet began to offer generalised remainder problems with
solutions and proofs, making the link to Diophantine equations. Bachet, who was unaware of the earlier Chinese and
Indian work on remainder problems, is credited with proving the following result:

Theorem 5.1. Leta,b € Z. Then there exist r, s € 7 such that ar + bs = ged(a, b).

This theorem is often called Bézout’s identity, after the French mathematician Etienne Bézout (1730-1783), who
proved that the identity holds for polynomials.

Bachet realised that one could use Euclid’s algorithm to solve the Diophantine equation mr 4+ ns = 1 for integers
rand s, where m and n are given integers such that ged(m, n) = 1. One first uses Euclid’s algorithm to find gcd(m, n),
and then reverses the process used to find the integers r and s. This is best illustrated by an example:

64r 4+ 15s =1 We check ged(64,15) = 1.
(a) 64=4x15+4 = gecd(64,15) = ged(15,4),
(b) 15=3x4+3 = ged(15,4) = ged(4,3),
(¢) 4=1%x3+1 = gecd(4,3) =gcd(3,1) =1.
Now reverse Euclid’s algorithm:
From(c) 1=4-1x3,
From(b) 3=15-3x4 = 1=4x4—-1x15,
From (a) 4=64—4x 15 = 1=4x64—-17 x15.
co(rys) = (4,-17).

If we multiply the equation mr + ns = 1 by any integer, we obtain the identity ar + bs = ged(a, b) from above.
This gives us the outline of a proof for Bézout’s identity for integers.

STranslation taken from Datta & Singh [1962]
6Bachet may have based his work on earlier translations of Arithmetica Gillispie [1970], but Bachet’s interest in Diophantine equations is of note;
also Fermat wrote his famous ’Last Theorem’ as a marginal note in a copy of Bachet’s translation.
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There is some debate as to whether Bachet was indeed the first to prove this identity. Whilst the established po-
sition, as mentioned above, is that he proved Bézout’s identity, it has been recently suggested by number theorist
Andrew Granville that this identity was, in fact, known to Euclid Granville [2024].

Bachet’s work is significant because it gave a generalised method for solving a system of two indeterminate Dio-
phantine equations (as we showed above, solving ar + bs = cis equivalent to solving a system of two such equations)
although such a method had already been developed by Chinese and Indian mathematicians. Bachet also began the
movement away from thinking of “remainder problems” to thinking of equations and systems of equations instead,
which would be important to further work on the subject.

Bachet did not give a general method for solving a system of n indeterminate Diophantine equations, nor a con-
dition for when such a system is soluble. It would take about a century until the renowned mathematician Leonhard
Euler (1707-1783) would provide this. In a paper published in 1740, Euler proved that one could generalise Bachet’s
method’ for to any number of indeterminate equations, and gave a condition for such a system to be soluble Euler
[1740]. The result came to be known as the Chinese Remainder Theorem (CRT).

In modern mathematics texts, the CRT is stated using modular arithmetic, a notation (see Section 5.2.2) devel-
oped by Carl Friedrich Gauss (1777-1855). The CRT is stated in Gauss’s classic text on number theory, Disquisitiones
Arithmeticae, published in 1801, as follows:

Theorem 5.2 (CRT: Gauss’sversion). Letn, ..., n, be pairwise coprime® natural numbers. Thenforanyas, ... ,a, €N,
the system of equations

{:zzzai mod n;, i=1,...,r,
has an integer solution x, and this solution is unique modulony X - -+ X n,..

The proof of this theorem builds on Bachet’s method of reversing Euclid’s algorithm, and gives a general method
for finding x.

Finally, we answer the natural question of how the Chinese Remainder Theorem (also called Sun Zi’s Theorem)
got its name. According to Dickson [1920], this originated with a mathematically literate missionary named Alexander
Wylie during the late Qing dynasty (mid 19th century). Wylie wrote an article in the North China Herald in which he
correctly credited the first work on this theorem to the Chinese mathematicians, over 1000 years before Bachet, Euler
and Gauss.

5.3.6 Diophantine equations observed in nature

We now consider an equation of the form
T =ny=mz

wheren, m € Z arefixed and x, y, z are variables. This system can be solved relatively easily, and the smallest positive
integer solution is given by

xo = lem(|m|, |n|).
This simple identity has been observed in several species of cicadas, where it has been empirically “optimised” by
evolutionary processes. All of the so-called “periodical” cicadas live for either 13 or 17 years and spend most of their
lives underground. In spring, towards the end of their lifetime , they emerge synchronously, reproduce, and die within
two months.

A natural question to ask is where do the numbers 13 and 17 come from. One might notice that both of those
numbers are primes, which turns out to be very significant in this situation. Suppose that the life cycle is 12 years long
instead. It does not seem like there is a big change; however, this means that the predators that also lead a periodic
life cycle could synchronise much more easily. If their life cycleis 1, 2, 3, 4, 6, or 12 years, they can prey on the cicadas
every 12 years, when the cicadas emerge overground, and drive them to extinction. A tiny change from 12 to 13 now
means that there are only two relevant cycles: 1 and 13, which makes the cicadas are much safer from predators. For
all we know, thousands of years ago we could have had many more species of periodical cicadas that went extinct over
time. Only those that evolved and changed their life cycles to “optimal” periods could survive.

Another aspect that is relevant in the discussion is that there can be a situation where two species of cicadas of
different life cycles n and m occupy the same territory. How often will they emerge in the same spring? We answered
this at the beginning of the section. They will overlap every lem(m, n) many years, and in that season there might not
be enough food for all of them. Notice that if n = 12 and m = 18, then the overlap is every 36 years as opposed to 221
years,whenn = 13and m = 17.

For more information on the subject, see Goles et al. [2000].

Although, it appears that Euler was not aware of Bachet’s work
8That is, for any two distinct n;, nj € {n1,...,n,}, we have ged(n;, n;) = 1.
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6 Calculus: A Global History of Change, Motion, and the Infinite

quantity

A

T area
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How much has
accumulated?

> time

Figure 27: Calculus studies both change and accumulation. Differentiation describes the rate of change at a point,
while integration measures the total accumulation over an interval.

6.1 Whatis calculus?

Two questions at the heart of calculus

Change Accumulation
ds b
(%) ([ wwdo
How fast is something changing? How much has built up in total?

A useful way to introduce calculus is to say that it begins with two simple but powerful questions. The first is a
question about change: if something is moving, growing, cooling, or spreading, how quickly is it changing at a partic-
ular moment? The second is a question about accumulation: if many small changes happen over time, what is their
total effect? These questions are simple enough to appear in everyday life, but they also lead to some of the deepest
ideas in mathematics Strang and Herman [2016], Bressoud [2019].

For example, if (s(t)) represents the position of an object at time (t), then the derivative (s’(t)) represents its ve-

locity. If (v(t)) represents the velocity of the object, then the integral [f: v(t), dt] represents the displacement of the
object between times (a) and (b). This is one of the reasons calculus became so powerful: it connects local informa-
tion, such as the speed at one instant, with global information, such as the total distance travelled Strang and Herman
[2016], Edwards [1979].

A question for the reader

If we know how fast something is changing at every moment, can we recover how much it changed overall? This
question leads to one of the central results of calculus: the Fundamental Theorem of Calculus.

Calculusisthe branch of mathematics that studies change and accumulation. In simple terms, differentiation helps
us describe how fast something is changing, while integration helps us measure how much something has accumu-
lated. These two ideas appear in many familiar situations. For example, if a car is moving, differentiation can be used
to describe its speed at a particular moment. If we know the speed of the car over time, integration can be used to
calculate the total distance travelled Strang and Herman [2016]. Figure 27 gives a simple picture of the two central
ideas of calculus: the tangent line represents change at a particular moment, while the shaded region represents ac-
cumulation over a period of time.
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The word “calculus” comes from the Latin word calculus, meaning a small stone used for counting. In the modern
mathematical sense, however, calculus is much more than counting. It gives us a language for describing quantities
that vary continuously, such as the position of a planet, the growth of a population, the spread of heat, the flow of
water, or the changing shape of a curve Boyer [1959], Edwards [1979].

A central idea in calculus is that complicated objects or motions can often be understood by breaking them into
very small pieces. If we want to know the area of a curved shape, we can approximate it by many thin rectangles. If
we want to understand the motion of an object, we can examine how its position changes over very small intervals of
time. This idea of studying the very small in order to understand the whole is one of the reasons calculus became so
powerful Bressoud [2019], Strang and Herman [2016].

There are two main parts of elementary calculus:

« Differential calculus, which studies rates of change and slopes of curves.
+ Integral calculus, which studies accumulation, areas, volumes, and total change.

For example, suppose that (s(t)) represents the position of an object at time (t). The derivative tells us the instan-
taneous rate of change of position, which is the velocity of the object. Informally, we can think of this as comparing
the change in position with the change in time over smaller and smaller time intervals: velocity ~ m%. I
modern notation, this idea is written using a limit:

S/(t) — }ILIL% s(tL})L_S(t)

This formula captures the idea of instantaneous change: instead of measuring the average speed over a long time
interval, we ask what happens as the time interval becomes extremely small Strang and Herman [2016].

Integration works in the opposite direction. If we know the rate at which something changes, integration allows us
to recover the total change. For instance, if (v(t)) is the velocity of an object, then the distance or displacement over a
timeinterval can be found by adding up all the small contributions from the velocity: f: v(t), dt. Thisis why integration
is often described as a mathematical form of accumulation. It can represent area under a curve, total distance, total
growth, total mass, or total probability, depending on the context Strang and Herman [2016], Bressoud [2019].

One of the most important discoveries in calculus is that differentiation and integration are deeply connected. This
connection is known as the Fundamental Theorem of Calculus.

& ([ rwa) =@,

It shows that the problem of finding rates of change and the problem of finding accumulated quantities are, in a pre-
cise sense, inverse problems. This is one of the reasons calculus is such a central subject in mathematics, physics,
engineering, economics, biology, and many other sciences Strang and Herman [2016], Edwards [1979].

Historically, calculus did not appear suddenly in its modern form. Many of its basic questions are much older than
the names and notation we use today. Ancient mathematicians studied areas, volumes, tangents, motion, astron-
omy, and approximation. Later mathematicians developed methods involving infinitesimals, indivisibles, infinite se-
ries, and symbolic notation. Newton and Leibniz created powerful systematic versions of calculus in the seventeenth
century, but their work built on a long history of ideas developed across different cultures and periods Boyer [1959],
Edwards [1979], Katz [2009], Cooke [2013a].

For this reason, this chapter does not treat calculus only as the achievement of one person, one country, or one
moment. Instead, we present calculus as a global and historical development. Its story includes Greek methods of
exhaustion, Chinese approximation methods, Islamic work on sums and geometry, Indian work on infinitesimals and
infinite series, European developments in symbolic calculus, women mathematicians who helped teach and apply
calculus, and modern extensions such as stochastic calculus Katz [2009], Cooke [2013a], Bressoud [2019].

The aim of this chapter is therefore not only to explain what calculus is, but also to show that the history of calculus
is a human story. It is a story about people trying to understand change, motion, infinity, and accumulation. It is also
a story about communication, notation, education, access, and recognition. By looking at calculus in this wider way,
we can better understand both the mathematics itself and the many communities that contributed to its development
Bressoud [2019], Katz [2009].

6.2 The beginnings of calculus: exhaustion, approximation, and curved shapes

Whilst calculus as we know it was discovered in the late 17th century, mathematicians had already been ’doing cal-
culus’ for millennia. We will discuss the method of exhaustion, a process for finding the area or volume of curved
shapes, which was a precursor to the integral calculus we know today.
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The method of exhaustion is generally ascribed to the ancient Greek geometer Euxodus of Cnidus (c. 390 BCE - c.
340 BCE), and although an earlier Greek mathematician called Antiphon may have first used the method, Euxodus is
credited with perfecting and formalising it Widgerson [2019].

Relatively little is known about Euxodus: he was born in Cnidus in modern-day Turkey, although he would have
thought of himself as Greek. Euxodus probably studied under Plato in Plato’s 'academy’ in Athens; thought to be
the first higher education institution in the West, the academy taught subjects including philosophy, mathematics,
natural sciences and history. One source reports that during Euxodus’s first stay in Athens he was too poor to live near
the academy, and so he would walk 11km to attend lectures there Cooke [2013b].

The method of exhaustion works by inscribing a sequence of polygons inside a curved shape, the area of which
gets closer and closer to that of the curved shape, in order to show something about the area of the curved shape,
usually to find it’s area. This same idea can be extended into three dimensions to find volumes.

We will illustrate the method of exhaustion by explaining Euxodus’s proof that the ratio between the square of the
diameter of two circles is equal to the ratio of their areas, following the exposition in Widgerson [2019]. We would find
this result trivial, since we can use the formulae for the circumference and area of a circle we are familiar with; however
these formulae were only just being discovered by Euxodus and mathematicians of his era.

Proof: Consider any two circles C; and Cs, with areas a1, as respectively, and diameters d1, ds respectively. We
want to show that:
o _ (4’
a2 - dy
Suppose otherwise for a contradiction, namely that the above is not an equality, meaning that there exists a circle
with diameter dy and area z such that:
2 2
aq dq ay dy
— < | or —>|[—
r (d2> x (d2>

So either x < ag or x > as. Let us assume the former.

Notice that for any segment of a circle created by a chord, the triangle created with the vertices being the midpoint
of the arc and the two ends of the chord has at least a half the area of the segment (see Figure 28).

This can be shown by constructing a rectangle with one side being the chord of the circle and the other side being
equal to the height of the circle. Since the area of the triangle is exactly half that of the rectangle, and the entire
segment is contained within the rectangle (by geometric construction) then the triangle must take up at least half
of the area of the segment.

We now proceed by inscribing a square within circle Cs, and then inscribing the circle with a regular octagon by
adding a triangle to each side of the square in the manner described in the previous paragraph. Next we inscribe
the circle with a regular 16-gon in a similar way and keep on repeating this process. Each time we inscribe a new
polygon, the difference in area between the polygon and the circle reduces by a at least half by a consequence of
the above result. At some point, the difference in area must be less than a; — 2 (we rely of the Archimedean property
for this).

Let us call the polygon P, and denote its area ps. So according to what we have stated above as — ps < ag — =,
which means py > .

We repeat this process for the circle C to obtain a similar polygon P; with area p;. Using the fact that the area of
similar polygons is proportional to the square of their height:

P1 <d1)2 ai T ai
- = — — _— - =
D2 da T P2 p1

But a; > p; since P; is contained in C. So by the above equality = > p, which is a contradiction.

It remains to disprove = > as. By reversing the roles of the two circles this follows from the previous argument,
and we are done. O

Euxodus used this method to show other important results about curved shapes, such as that the ratio of the
volume of spheres is proportional to the cube of their diameter, and that the volume of a cone is 1/3 of the volume of
a cylinder with the same base and height.
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Figure 28: Figure from Widgerson [2019]

Euxodus’s method was significant for how it proved and formalised these results. Euxodus related finding the area
of a curved shaped to showing that a sequence converges to a limit, in this case the sequence of areas of polygons
inscribed inacircle. This formalisation prefigures the eventual formalisation of modern calculusin terms of limits,
and calculus’s growth into the modern field of analysis in the 19th century.

Archimedes of Syracuse (c. 287 BCE - ¢. 212 BCE), one of the most well known mathematicians in history, went on
to use Euxodus’s method of exhaustion to approximate the value of pi as

3;—(1) << 3%

by approximating the areas of 96-gons inscribing and circumscribing a circle. In modern calculus this would be
similar to evaluating the upper and lower Riemann sums of a curve Widgerson [2019].

However, the ancient Greeks were not the only civilisation to use the method of exhaustion. In the 3rd century CE,
the Chinese mathematician Liu Hui used the method of exhaustion to find a slightly tighter bound on the value of pi.
Whilst Archimedes circumscribed the circle with a polygon to find an upper bound, using some clever observations Liu
Hui approximated pi using only inscribed polygons, going as far as inscribing a circle with a 192-gon Straffin [1998b].
Liu Hui appears to have discovered the method of exhaustion independently from the ancient Greeks. Hence calculus
had its beginnings in more than one ancient civilisation.

6.3 Infinitesimals, indivisibles, and tangent problems

Before calculus became a formal subject, mathematicians were already developing methods for solving problems that
we would now describe as calculus problems. They wanted to find areas under curves, volumes of curved solids, tan-
gent lines, centres of gravity, and maximum or minimum values. These questions did not yet use the modern language
of derivatives and integrals, but they helped prepare the way for the calculus of Newton and Leibniz Boyer [1959], Ed-
wards [1979], Baron [1969].

One of the most important early ideas was the use of quantities that were imagined to be extremely small. These
later became known as infinitesimals. An infinitesimal is not simply a small number, but a quantity thought of as
smaller than any ordinary measurable quantity. Although infinitesimals were not made rigorous in the modern sense
until much later, they gave mathematicians a powerful way to reason about curves, motion, and change Boyer [1959],
Alexander [2014].

A related idea was the method of indivisibles. This method treated a geometric figure as if it were made up of
infinitely many very thin slices. For example, an area could be imagined as being composed of many line segments, and
a volume as being composed of many plane sections. This approach was developed most famously by Bonaventura
Cavalieri in the seventeenth century. Cavalieri’s method was not integration in the modern symbolic sense, but it was
an important step towards the idea of calculating areas and volumes by summing infinitely many small parts Baron
[1969], Edwards [1979]. These ideas were controversial. Some mathematicians found infinitesimals and indivisibles
useful, while others worried that they were logically unclear. If a line has no width, how can infinitely many lines form
an area? If a plane has no thickness, how can infinitely many planes form a volume? These questions show that the
development of calculus was not only about discovering new formulas, but also about debating what mathematical
objects really mean Boyer [1959], Alexander [2014].
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Before modern calculus, mathematicians studied
4 areas using slices and change using tangents.

Area as many Tangent as
thin slices instantaneous direction

Figure 29: Indivisibles and tangent problems were two important routes towards calculus.

Another important problem was the problem of tangents. Today, we usually understand the tangent to a curve as
aline whose slope is given by the derivative. Before derivatives were formally introduced, mathematicians developed
different geometric and algebraic methods to find tangent lines. Pierre de Fermat, for example, developed a method
called adequality, which he used to find tangents and solve maximum and minimum problems. In modern language,
some of these methods resemble differentiation, although Fermat did not formulate them using the modern concept
of a derivative Edwards [1979], Baron [1969].

René Descartes also contributed to this development by linking algebra and geometry through coordinate meth-
ods. This allowed curves to be studied using equations, making it possible to use algebraic techniques to investigate
geometric questions. The combination of algebra and geometry was essential for the later development of calculus,
because it made curves easier to describe, compare, and manipulate symbolically Katz [2009], Cooke [2013a].

Isaac Barrow, who was Newton’s teacher at Cambridge, also played an important role in the prehistory of calculus.
His work connected tangent problems with quadrature problems, where quadrature means finding areas. This con-
nection was crucial because it pointed towards what later became the Fundamental Theorem of Calculus: the idea that
differentiation and integration are inverse processes. Barrow did not present calculus in the same systematic way as
Newton or Leibniz, but his work helped bring together two central problems: finding slopes and finding areas Boyer
[1959], Edwards [1979], Dunham [2005].

This period is important because it shows that calculus did not emerge from a single moment of inspiration. In-
stead, it developed through many partial methods, arguments, and debates. Infinitesimals, indivisibles, tangent meth-
ods, and maximum-minimum problems all contributed to the creation of calculus. By the time Newton and Leibniz
produced their systematic approaches, many of the essential ingredients were already present Baron [1969], Edwards
[1979], Bressoud [2019].

6.4 Medieval lslamic mathematics and the prehistory of integration

Between the ancient Greek methods of exhaustion and the seventeenth-century calculus of Newton and Leibniz, math-
ematicians across the world continued to study problems about area, volume, curves, optics, astronomy, and algebra.
One important centre of this work was the medieval Islamic world, where scholars wrote in Arabic, Persian, and other
languages, and where mathematical knowledge from Greek, Indian, Persian, and other traditions was translated, stud-
ied, criticised, and extended Joseph [2011], Katz [2009], Robson and Stedall [2009].

Thisisimportant for the story of calculus because calculus did not appear suddenly. Some of its central ideas grew
out of older questions:

How can many small pieces be added together?
How can curved areas and volumes be measured?

How can we locate a maximum or minimum?

These questions were not yet written in the language of derivatives and integrals, but they belong to the long
prehistory of calculus.

One of the most important figures for this section is Ibn al-Haytham, also known in Latin as Alhazen. He was bornin
Basra around 965 and later worked in Egypt. He is especially famous for his work on optics, but he also made important
mathematical contributions. In particular, he studied sums of powers, such as
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Figure 30: A map from the Book of Curiosities (Kitab Gharaib al-funiin wa-mulah al-uyin), a medieval Arabic cosmo-
graphical manuscript. The manuscript was compiled between about 1020 and 1050 and contains important maps and
astronomical diagrams. Image source: Bodleian Library, University of Oxford, MS Arab. c. 90.

1F 42k 43k 4 b,

These sums may look like arithmetic, but they are closely connected to integration. To calculate the area or volume
of a curved object, one can divide it into many thin pieces, add the pieces together, and then imagine what happens
as the pieces become smaller and more numerous.

From sums to integrals

A modern integral can be understood as the limit of many small sums:

b
/ f@)de =~ f(x1)Ax + f(xa)Ax + - + f(z,)Az.

This is why historical work on sums of powers is part of the background to integral calculus.

J

Ibn al-Haytham used formulas for sums of powers in connection with volume calculations, including problems
involving paraboloids. In modern language, this resembles the idea of adding many slices to find a volume. However,
we should describe this carefully. Ibn al-Haytham did not write integral calculus in the notation of Newton or Leibniz.
It is better to say that his work forms part of the prehistory of integral calculus Katz [1995], Mathematical Association
of America [2014].
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Figure 31: (Left) Ibn al-Haytham is best known for optics, but his mathematical work on sums and volumes also belongs
to the wider history of calculus. (Right) The structure of the human eye according to Ibn al-Haytham.

A useful way to explain the connection is through a simple comparison. If we want to approximate the area under
the curve y = 2% from 0 to n, we might begin by adding square values:

12422432+ .+
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For higher-dimensional volume problems, higher powers appear:

42t 4304t
This does not mean that a sum of powers is already an integral. Rather, it shows that the same basic idea appears

again and again in the history of mathematics: complicated curved quantities can be approached by adding many
simpler quantities.

y Adding many simple
A pieces can approxi-
mate a c?éd quantity.

>

Sums of powers as a step towards integral thinking
Figure 32: A visual way to connect sums of powers with the later idea of integration.

Another important figure is Sharaf al-Din al-Tusi, a Persian mathematician of the twelfth century. Al-Tusi studied
cubic equations and the conditions under which they have positive solutions. In modern notation, one of the examples
often discussed can be written in the form

23+ a = bz,
or equivalently,

br — 2 = a.

To understand whether such an equation has a positive solution, it is useful to examine the maximum value of the
curve

y = bx — 2>

From a modern point of view, we would locate the maximum by differentiating:

dy 2
— =b—3z".
dz v
Setting this equal to zero gives
b
b—32> =0 =4/=.
T , T 3

This kind of calculation looks very much like calculus to us. But al-Tusi did not write it in this modern symbolic
language. His reasoning belonged to the algebraic and geometric traditions of his own time. For this reason, historians
are careful when describing his work. Some emphasise its analytical or derivative-like features, while others stress that
it should not simply be translated into modern calculus Hogendijk [1989], Farés [1995].

This example is valuable for students because it shows how careful we need to be with history. It would be too
simple to say that al-Tusi “had derivatives” in the same way that a modern calculus textbook does. But it would also
be unfair to ignore the sophistication of his work. His study of cubic equations shows that mathematicians in the
medieval Islamic world were developing powerful methods for analysing curves, equations, and maximum values.

Careful historical language

Instead of saying ‘Ibn al-Haytham invented integration” or ‘al-Tusi invented derivatives”, it is more accurate to say:

Their work belongs to the prehistory of calculus.

This wording recognises the importance of their ideas without forcing them into modern notation too quickly.

' &
History of Maths \Q Queen Mary

Page 55 University of London




maximum value

\In moddrn notation:

l ——\=0
| dxr

> x
Al-Tusi studied cubic equations and maximum conditions.

Figure 33: A stylised modern visualisation of a maximum problem related to al-Tusi’s study of cubic equations.

The medieval Islamic world therefore forms an important bridge in this chapter. It connects older geometric meth-
ods with later algebraic, analytic, and symbolic developments. It also reminds us that the history of calculus is not
simply a European story. It is a history of translation, preservation, criticism, extension, and new mathematical inven-
tion across cultures.

6.5 Indian mathematics and infinite series

Indian mathematics has an important place in the history of ideas that later became central to calculus. Long before
calculus was written in the notation of Newton and Leibniz, Indian mathematicians were studying motion, astronomy,
trigonometry, approximation, and extremely small changes. These topics were not only abstract: they were closely
connected to practical and scientific questions, especially the need to calculate planetary positions and produce ac-
curate astronomical tables Plofker [2009b], Katz [1995].

One important figure is Bhaskara Il, also known as Bhaskaracarya, who lived in the twelfth century. Bhaskara
worked on arithmetic, algebra, astronomy, and trigonometry. Some of his arguments involved reasoning with very
small changes in quantities. For example, in his astronomical work he considered small variations in trigonomet-
ric functions, in a way that can be compared with ideas that later became important in differential calculus Plofker
[2009b], Katz [1995].

Indian mathematics and the
long history of infinite processes

12thc. 14th c. Kerala school 17thc.
1 1 1 1 3
T T T T >
Bhskara Il Madhava South India Europe
small changes infini . astronomy Newton, Leibniz
and trigonometry infinite series and computation and later notation

Figure 34: A simplified timeline showing Indian contributions to ideas connected with calculus.

The work of the Kerala school can be made visually striking by showing one of the infinite series in modern notation.

For instance,

x5 a2l

t = —_—— —_—— — e,
arctan(z) = x 3 + 3 - +

This kind of formula is powerful because it turns a trigonometric quantity into an infinite algebraic process. Even
though the Kerala mathematicians did not write the formula using modern notation, their work shows a deep under-
standing of approximation and infinite procedures Katz [1995], Plofker [2009b].
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If the story of calculus moves directly from Greek geometry to Newton and Leibniz, then the work of Bhaskara Il,
Madhava, and the Kerala school disappears. Including them changes the story: calculus becomes part of a wider
global history of astronomy, computation, approximation, and infinity.

It is important to describe this carefully. Bhaskara did not have the modern notation of derivatives, nor did he
present a general theory of differential calculus in the way it is taught today. However, his work shows that mathemati-
ciansin India were already thinking about change, approximation, and the behaviour of functions. In particular, some
historians have compared parts of his work to later ideas about rates of change and extrema. This makes Bhaskara a
useful example of how calculus-like ideas can appear before calculus exists as a formal subject Boyer [1959], Plofker
[2009b].

An even more striking development came from the Kerala school of mathematics and astronomy, which flourished
in South India from around the fourteenth century. The figure most closely associated with the beginning of this tra-
dition is Madhava of Sangamagrama. Madhava and later Kerala mathematicians developed infinite series for trigono-
metric functions, including sine, cosine, and arctangent. They also produced series and approximations connected to
(m) Plofker [2009b], Katz [1995], Joseph [2011].

This does not mean that the Kerala school had exactly the same calculus as Newton and Leibniz. Their work was
expressed in a different mathematical language, with different aims and methods. It was strongly connected to as-
tronomy and computation, rather than to the European mechanical problems that shaped Newton’s calculus. Nev-
ertheless, the Kerala school developed highly sophisticated techniques involving infinite processes, approximation,
and correction terms. These are precisely the kinds of ideas that later became central to calculus and analysis Plofker
[2009b], Joseph [2011].

This part of the story is important for an inclusive history of mathematics. Many standard histories of calculus
move quickly from Greek geometry to seventeenth-century Europe. When this happens, major developments in In-
dian mathematics can disappear from the story. Including Bhaskara, Madhava, and the Kerala school helps us see that
mathematical creativity was not confined to one region or one tradition. It also reminds us that the history of mathe-
matics depends on which texts are preserved, translated, taught, and valued Joseph [2011], Robson and Stedall [2009].

The story of Indian mathematics and infinite series therefore changes how we understand calculus. Instead of
seeing calculus as a sudden European invention, we can see it as part of a much longer global history of people trying
to understand change, approximation, infinity, and the heavens.

6.6 Newton and Leibniz: two systematic calculi

Isaac Newton and Gottfried Wilhelm Leibniz are often described as the founders of calculus. Their work was revolution-
ary, but it is important to place them in a wider story. They did not create calculus out of nothing. By the seventeenth
century, many mathematicians had already studied tangents, areas, maxima and minima, infinitesimals, indivisibles,
and infinite series. Newton and Leibniz brought many of these earlier ideas together and turned them into two pow-
erful and systematic ways of doing calculus Boyer [1959], Edwards [1979], Baron [1969].

Figure 35: Newton (left) and Leibniz (right) developed different forms of calculus in the seventeenth century.

Newton developed his calculus in the language of motion. He called changing quantities fluents, because he imag-
ined them as flowing or varying with time. The rate at which a fluent changed was called a fluxion. In modern notation,
if z is a changing quantity, Newton’s fluxion would be written as
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This notation is still used today, especially in physics, when a quantity changes with time. For example, if z(¢) is
the position of a moving object, then

dx
L) = 4
o(t) = —
represents its velocity, and
. d?z

represents its acceleration. This shows why Newton’s version of calculus was so closely connected with mechanics,
astronomy, and the motion of planets and objects under gravity Boyer [1959], Edwards [1979], Dunham [2005].

Leibniz developed calculus in a different style. Instead of beginning mainly from motion, he focused on differences
between quantities. His notation used symbols such as

d
de, dy7 dﬁa /
T

These symbols are still central in calculus today. The expression

dy
dx
suggests a ratio between a small change in y and a small change in z. The integral sign | comes from the idea of

a sum: adding many small pieces to obtain a total quantity. This notation was one of Leibniz’s great achievements. It
made calculus easier to write, teach, and extend Boyer [1959], Edwards [1979], Bressoud [2019].

e ™ e R
Newton Leibniz
Fluxions Differentials
Quantities change with time Small changes in variables
z, Y dr, dy, [
Motion, velocity, ac- Notation, symbolic cal-
celeration, gravity culation, communication
\_ J . J
Y Y

Shared achievement:

Organising earlier ideas about tangents, areas, motion, in-
finitesimals, and infinite series into systematic methods.

Figure 36: Newton and Leibniz developed different but powerful ways of organising calculus.

The difference between Newton and Leibniz can be seen in a simple example. Suppose a quantity y depends on
another quantity x. Leibniz’s notation writes the rate of change as

dy
dz’

Newton’s notation is especially natural when = and y change with time. If x = z(t), then the rate of change is
written as

.
Both notations describe change, but they encourage slightly different ways of thinking. Newton’s notation empha-

sises motion through time. Leibniz’s notation emphasises relationships between variables. This is one reason both
notations survived: each is useful in different contexts.
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One of the most important achievements of calculus was the realisation that two old problems were deeply con-
nected. The first was the tangent problem: how can we find the slope of a curve at one point? The second was the
quadrature problem: how can we find the area under a curve? In modern language, these are the problems of differ-
entiation and integration.

The Fundamental Theorem of Calculus

Calculus connects two old problems:

finding slopes — finding areas.

) = [ @,

then

F'(@) = f(a).

This means that the rate of change of an accumulated quantity gives back the original function.

J

This result is known as the Fundamental Theorem of Calculus. It explains why differentiation and integration are
not separate subjects. Differentiation breaks a changing process down to its rate of change at a moment. Integration
adds small pieces together to recover a total quantity. Newton’s work made this connection natural through motion
and changing quantities, while Leibniz’s notation made the relationship easier to write and use Boyer [1959], Edwards
[1979], Baron [1969], Bressoud [2019].

For example, if v(t) is the velocity of an object, then its displacement from time a to time b is

/a " o) d.

S(z) = / o) dt,

then the Fundamental Theorem of Calculus tells us that

If this accumulated displacement is written as

S'(z) = v(x).

In words: if we add up velocity to get distance, then differentiating that distance gives us velocity again. Thisis one
of the reasons calculus became such a powerful language for science.

Newton and Leibniz developed their methods independently, but a famous priority dispute later arose over who
had invented calculus first. Newton had developed many of his ideas earlier, but Leibniz published his work first.
The dispute became intense and was shaped not only by mathematics, but also by national pride, personal rivalry,
publication practices, and the authority of scientific institutions Boyer [1959], Edwards [1979], Dunham [2005].

For this chapter, the priority dispute should not be the main focus. A more interesting question is why these two
versions of calculus became so influential. Newton’s approach was deeply connected to the mathematical study of
nature. Leibniz’s approach gave calculus a notation that could be copied, taught, and developed by others. Together,
their work helped transform scattered methods into a general mathematical subject Bressoud [2019], Edwards [1979].

This story also helps us think about recognition in mathematics. Who gets credit for an idea often depends on
more than who had the idea first. It can depend on who publishes, who has access to universities and academies,
whose language becomes dominant, whose notation is adopted, and whose work is preserved and taught. This mat-
ters especially in the history of calculus, because many earlier contributions from Greek, Islamic, Indian, Chinese, and
European mathematicians formed part of the background from which Newton and Leibniz worked Katz [2009], Cooke
[2013a], Joseph [2011], Robson and Stedall [2009].

Newton and Leibniz should therefore not be removed from the story, but they should not be treated as isolated
geniuses either. Their achievement was to organise, extend, and communicate powerful methods for studying change
and accumulation. Calculus itself belongs to a much broader human story, shaped by many cultures, many problems,
and many people across time.
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6.7 Calculus, education, and women mathematicians

After Newton and Leibniz systematised calculus, the subject continued to grow rapidly. Mathematicians worked on
making calculus more precise, applying it to the natural sciences, and turning it into a subject that could be taught
to new generations of students. Calculus was no longer only a tool for a small number of specialists. It became part
of textbooks, lectures, correspondence, translations, and scientific education Robson and Stedall [2009], Osen [1974],
Henrion [1997].

This part of the story isimportant because mathematics does not spread by formulas alone. It spreads through peo-
ple: through teachers, writers, translators, students, and communities. In this section, we focus on three women who
were connected with the teaching, circulation, and application of calculus: Maria Gaetana Agnesi, Mary Somerville,
and Sophie Germain Mazzotti [2007], Stenhouse [2020], Bucciarelli and Dworsky [1980].

Figure 37: Agnesi, Somerville, and Germain show three different ways women contributed to the history of calculus:
through teaching, communication, and application.

Maria Gaetana Agnesi: teaching calculus

Maria Gaetana Agnesi was born in Milan in 1718. Her family was wealthy and provided her with an unusually strong
education for a woman of her time. From a young age she became known for her knowledge of languages, philoso-
phy, and mathematics. Her father organised intellectual gatherings where Agnesi could present and discuss advanced
topics with scholars and visitors. These opportunities were exceptional, but they still took place in a society where
women rarely had full access to universities, academies, or professional mathematical careers Truesdell [1989], Maz-
zotti [2007], Mayfield [2013].

Agnesi’s most important mathematical work was her 1748 textbook,

Instituzioni analitiche ad uso della gioventu italiana.

The title can be translated roughly as Analytical Institutions for the Use of Italian Youth. The book presented al-
gebra, analytic geometry, differential calculus, and integral calculus in a systematic way. It was one of the impor-
tant eighteenth-century texts for organising calculus as a subject that could be studied and taught, rather than only
followed through scattered papers, private notes, and correspondence Agnesi [1748], Mathematical Association of
America [2018], Mayfield [2013].

Why Agnesi matters

Agnesi’s importance does not only lie in a single formula or curve. Her contribution also lies in explanation, or-
ganisation, and education. She helped make calculus more accessible as a teachable subject.

Agnesi is also remembered for a curve now known in English as the Witch of Agnesi. The name is partly the result
of a mistranslation of the Italian word versiera. In modern notation, one version of the curve can be written as

a3

2 4+ a2’
This curve is useful in the booklet because it gives a visual connection between Agnesi’s name and the analytic
geometry that was closely connected with calculus Mathematical Association of America [2018], Katz [2011].
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A curve associated with Agnesi

A simple version of the Witch of Agnesi

Figure 38: A modern drawing of a curve associated with Maria Gaetana Agnesi.

Agnesi was later offered a chair at the University of Bologna by Pope Benedict X1V, although she did not take up
regular teaching duties there. Her story is therefore both inspiring and complicated. It shows that women could some-
times be recognised for mathematical ability, but also that recognition did not necessarily mean full participation in
academic life Mazzotti [2007], Universita di Bologna, Mathematical Association of America [2018].

Mary Somerville: communicating mathematical physics

Mary Somerville was born in Scotland in 1780. Unlike Agnesi, she did not receive a formal mathematical education
from childhood. Much of her learning came through private study. This is important because many women entered
mathematics through indirect routes, often outside the institutions that were open to men O’Connor and Robertson
[c], Stenhouse [2020].

Somerville became one of the most important scientific writers of the nineteenth century. She helped make ad-
vanced mathematical ideas more accessible to English-speaking readers, especially ideas coming from continental
Europe. Her work connected British audiences with mathematical physics, astronomy, and the analytical methods
associated with calculus Stenhouse [2020], O’Connor and Robertson [c].

A central example is her engagement with the work of Pierre-Simon Laplace. Laplace’s celestial mechanics used
advanced mathematics to describe the motion of planets and gravitational systems. Somerville’s Mechanism of the
Heavens was based on Laplace’s work, but it was not merely a simple translation. She explained and expanded diffi-
cult mathematical material for readers who were not already familiar with the continental analytical style Somerville
[1831], O’Connor and Robertson [c], Stenhouse [2020].

calculus  — mechanics —— astronomy

This chain of ideas was central to nineteenth-century mathematical physics. Calculus gave mathematicians tools
for describing motion. Mechanics applied those tools to forces and moving bodies. Astronomy used them to study
planets, orbits, and the structure of the heavens Somerville [1831], Stenhouse [2020].

Communication is mathematical work

Somerville’s story reminds us that explaining mathematics matters. Translation, exposition, and teaching are
part of how mathematics grows.

Somerville is important for this chapter because she shows that the history of calculus is also a history of access.
Who could study advanced mathematics? Who could read the latest work? Who could translate it into another lan-
guage or another style? These questions shaped the development of calculus just as much as formal discoveries did
Stenhouse [2020], Robson and Stedall [2009].

Sophie Germain: applying calculus to elasticity

Sophie Germain was born in Parisin 1776. She developed her mathematical interests largely through private study, at
a time when women were excluded from many formal scientific institutions. To access mathematical education and
correspondence, she sometimes used the male name “Monsieur LeBlanc”. This detail is often mentioned because it
shows the barriers women faced when trying to participate in mathematical communities O’Connor and Robertson
[a], Osen [1974].
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Germain made important contributions to number theory, but for the history of calculus she is especially relevant
because of her work on elasticity. Elasticity studies how objects bend, stretch, and vibrate. These problems require
calculus because they involve quantities changing across space and time Bucciarelliand Dworsky [1980], Timoshenko
[1953], O’Connor and Robertson [a].

A simplified way to represent this kind of problem is

force — deformation —— motion orvibration.

In more advanced mathematical language, the study of vibrating plates involves differential equations. A simplified

symbolic form is
V4w = applied force,

where w describes the displacement of the plate. This formula is not meant as a full physical model here, but
it gives a sense of the type of mathematics involved: calculus is used to describe how a surface bends and changes
Bucciarelli and Dworsky [1980], Timoshenko [1953].

force

’

/‘\/\/
o~

o~

Calculus can describe bending and vibration

Figure 39: A simple visualisation of a vibrating plate, a problem connected with Sophie Germain’s work on elasticity.

Germain’s work shows another way calculus developed after Newton and Leibniz. It was not only made more
rigorous in textbooks; it was also applied to new physical problems. The study of elasticity connected calculus with
engineering, sound, vibration, and the behaviour of materials Bucciarelli and Dworsky [1980], Timoshenko [1953].

Together, Agnesi, Somerville, and Germain help us tell a wider story of calculus. Agnesi shows the importance of
teaching and organising the subject. Somerville shows the importance of communicating and circulating advanced
mathematicalideas. Germain shows the importance of applying calculus to new scientific problems. Their stories also
remind us that the history of mathematics is shaped not only by talent, but also by access, education, institutions, and
recognition Robson and Stedall [2009], Osen [1974], Henrion [1997].

6.8 From calculus to analysis

By the eighteenth century, calculus had become one of the most powerful tools in mathematics. It could describe the
motion of planets, the fall of objects, the bending of materials, the shape of curves, and the behaviour of infinite series.
But there was still a problem: mathematicians did not always agree on why calculus worked.

The early calculus of Newton and Leibniz used ideas such as infinitesimals, fluxions, differentials, and infinite sums.
These ideas were extremely useful, but they also raised difficult questions.

What needed to be made precise?

What exactly is an infinitesimal?

What does it mean for a quantity to approach a limit?

When does an infinite series really add up to a finite answer?
When can we trust a derivative or an integral?

One of the great figures of eighteenth-century mathematics was Leonhard Euler. Euler used calculus with extraor-
dinary confidence and creativity. He worked with functions, infinite series, differential equations, mechanics, number
theory, and many other areas. A simple rule such as
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dwx
shows the kind of symbolic power that calculus had developed. Rules like this allowed mathematicians to cal-
culate quickly and solve new problems. However, the success of calculus also made its foundations more urgent: if
these methods worked so well, mathematicians needed to understand exactly why they worked Boyer [1959], Edwards
[1979], Dunham [2005].

During the nineteenth century, calculus gradually became the more rigorous subject now called mathematical
analysis. One of the key figures in this change was Augustin-Louis Cauchy. Cauchy placed much more emphasis on
the idea of a limit. Instead of relying only on intuitive ideas of infinitely small quantities, he tried to explain calculus
through quantities becoming closer and closer to a value.

For example, the derivative can be written as

n o_ nxn—l

, . flx+h) - f(x)
(@) = Jim h '

This expression says that the slope of a curve at a point is obtained by looking at the slopes of secant lines over
smaller and smaller intervals. The language of limits made calculus more precise and helped mathematicians explain
what was happening behind the calculation Grabiner [1981], Bressoud [2019].

Later in the nineteenth century, Karl Weierstrass pushed this precision even further. He promoted a more careful
approach to limits, continuity, and derivatives. In modern notation, continuity can be expressed using the famous ¢-§
language:

Ve >0, 3§>0 suchthat |z—a|<d=|f(z)— fla)| <e.

This looks technical, but the idea is simple. If we want f(z) to be very close to f(a), then we can make that hap-
pen by choosing x close enough to a. This gave mathematicians a way to discuss smoothness and change without
depending on vague pictures or unclear infinitesimals Grabiner [1981], Dunham [2005].

The integral was also made more precise. Bernhard Riemann developed a way of defining integration by dividing
an interval into small pieces, forming sums, and then taking a limit. In modern notation, this idea is often written as

b
. *
/a f(z)dx = mathHa:liHO ; f(x}) Ax;.

This formula captures a familiar idea: the area under a curve can be approximated by many thin rectangles. As
the rectangles become thinner, the approximation becomes closer to the true area. This connects modern integration
back to the much older ideas of exhaustion, approximation, and indivisibles discussed earlier in this chapter Boyer
[1959], Edwards [1979], Dunham [2005].

At the beginning of the twentieth century, Henri Lebesgue introduced a more general theory of integration. The
Riemann integral works well for many functions, especially the ones usually seen in elementary calculus. Lebesgue’s
theory allowed mathematicians to integrate more complicated functions and became essential in modern analysis,
probability, Fourier analysis, and later areas of mathematics. In modern notation, a Lebesgue integral is often written

as
/ fdu,

where p represents a measure. This notation reflects a new way of thinking about integration: not only as area
under a curve, but as a more general method for measuring accumulated quantities Dunham [2005], Bressoud [2019].

This development was not only mathematical. It was also shaped by culture, language, notation, and institutions.
In much of continental Europe, Leibniz’s differential notation was widely adopted and became a flexible language
for calculation and teaching. In Britain, Newton’s prestige and the priority dispute between Newton and Leibniz con-
tributed to the continued use of fluxional notation for a long time. This affected how calculus was taught and how eas-
ily British mathematicians communicated with developments on the continent Boyer [1959], Edwards [1979], Cooke
[2013a].

In the nineteenth century, British mathematicians such as Charles Babbage, George Peacock, and John Herschel
helped promote the use of continental notation and methods through the Analytical Society at Cambridge. This was
not just a change of symbols. It was also a change in mathematical culture: a movement towards engaging more
directly with European analysis and its newer techniques Grattan-Guinness [1980], Bottazzini [1986].
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American mathematics also developed through international exchange. In the nineteenth century, many American
students and scholars looked to European universities, especially in Germany and France, for advanced mathemati-
cal training. Ideas about rigorous analysis, research seminars, journals, and professional mathematical communities
travelled through these networks. This reminds us that the development of analysis was not only about individuals
proving theorems, but also about how mathematics was taught, circulated, translated, and institutionalised Parshall
and Rowe [1994], Robson and Stedall [2009].

A wider lesson

The move from calculus to analysis shows that mathematics is not borninits final form. Ideas can be useful before
they are fully understood. Over time, mathematicians refine definitions, repair arguments, create new notation,
and build stronger foundations. The history of analysis is therefore also a history of communication, education,
and changing standards of proof.

This section also connects back to the inclusive aim of the chapter. When we ask how calculus became analysis,
we are not only asking about formulas. We are also asking who had access to universities, books, translations, jour-
nals, and mathematical communities. The development of analysis depended on people, institutions, languages, and
networks. This is another reason why the history of calculus should not be told as the achievement of only one person
or one country.

6.9 Modern calculus and new applications

Calculus did not stop developing after Newton, Leibniz, Cauchy, Weierstrass, Riemann, or Lebesgue. The same basic
questions are still alive today:

How does something change? How can we measure its total effect?

In modern mathematics, these questions appearin many new settings: vibrating materials, moving planets, spread-
ing diseases, changing climates, financial markets, biological populations, and random motion. Thisis one of the most
important messages of this chapter: calculus is not only a historical achievement, but a living subject that continues
to grow Bressoud [2019], Edwards [1979].

One important modern development is the study of differential equations. A differential equation is an equation
involving a quantity and its rate of change. For example, a very simple model of growth can be written as
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where N (t) is the size of a population and r is its growth rate. This equation says that the rate of change of the
population depends on the current population size. Differential equations are used to model motion, heat, waves,
disease spread, population dynamics, and many other processes that evolve over time Boyce et al. [2017], Tenenbaum
and Pollard [1985].

Calculus also became central to physics and engineering through the study of materials. The theory of elasticity, for
example, studies how objects bend, stretch, and vibrate. This connects with the work of Sophie Germain, who studied
vibrating plates in the early nineteenth century. Her work belongs to the history of calculus and differential equations,
but also to the history of exclusion: Germain worked at a time when women were largely excluded from universities
and scientific academies. Her story shows that mathematical talent often existed even where formal opportunities
were denied O’Connor and Robertson [a], Timoshenko [1953].

Calculus as a tool for modelling

A modern mathematical model often begins with a rate of change:

%(quantity) = rule for how it changes.

This simple idea appears in physics, biology, engineering, economics, medicine, climate science, and many other
fields.

\ J

Another major modern direction is numerical calculus. In many real problems, exact answers are impossible or too
difficult to find by hand. Instead, mathematicians and scientists use algorithms to approximate derivatives, integrals,
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and solutions of differential equations. This is one reason calculus is so important in computing. Numerical meth-
ods allow us to simulate weather, design bridges, model epidemics, study galaxies, and solve engineering problems
Burden and Faires [2011], Sauer [2017].

Calculus is also essential in optimisation, the study of finding the best possible value of something. Optimisation
asks questions such as: What is the shortest route? What is the strongest design? What is the lowest cost? What is the
best fit to the data? These questions often depend on derivatives, because derivatives tell us how a quantity changes
when we adjust an input. Today, optimisation is used in engineering, economics, data science, machine learning,
medicine, and many other areas Nocedal and Wright [2006].

A particularly important twentieth-century development was stochastic calculus, a form of calculus designed for
randomness. Ordinary calculus works very well when a path is smooth enough to have a clear tangent. But many real
processes are not smooth. The motion of small particles in a fluid, fluctuations in financial markets, and noisy biologi-
cal systems can move in irregular and unpredictable ways. To study this kind of motion, mathematicians needed new
tools 1t6 [1951], @ksendal [2003].

Modern calculus also stud-
ies randomness and uncertainty

N YW,

Classical calculus: smooth change Stochastic calculus: irregular random change

Figure 41: Classical calculus often studies smooth change, while stochastic calculus studies irregular change affected
by randomness.

Figure 41 shows the basic difference. A smooth curve has a clear direction at each point, so ordinary derivatives
make sense. A random path, such as Brownian motion, is much rougher. It changes so irregularly that the usual idea
of a tangent line breaks down.

One of the central figures in this new kind of calculus was the Japanese mathematician Kiyosi It0. It6 developed a
theory of stochastic integrals and stochastic differential equations, now known as /t6 calculus. A stochastic differential
equation is like an ordinary differential equation, but it includes a random term. A simple example is

dXt = ,u(Xt,t) dt + O'(Xt,t) th

Here X, is the changing quantity, dt represents a small change in time, and dW; represents a small random change
coming from Brownian motion. The function p is often called the drift; it describes the predictable part of the motion.
The function o is often called the diffusion; it describes the size of the random fluctuations 1t6 [1951], It6 and McKean
[1965], @ksendal [2003].

One surprising feature of It6 calculus is that the usual rules of calculus have to be modified. In ordinary calculus,
very small squared quantities are usually ignored. But for Brownian motion, the random change dWW; is so irregular
that its square behaves like dt:

(dW;)? = dt.

This leads to a new version of the chain rule, called /té’s formula. If X, satisfies

dXt = ,L,L(Xt7t) dt + O'(Xt,t) th,

then for a smooth function f,

df (X1) = f'(Xy) dX; + %f”(Xt)UQ(Xut) dt.

Equivalently,

() = X008 (X0 + 50 (X 0 (X0)] e + 0 (X000 CX0)
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Figure 42: Kiyosi It6 developed stochastic calculus, extending calculus to random processes.

The extra term

%f”(Xt)UQ(Xt,t) dt

is what makes It6 calculus different from ordinary calculus. It appears because random paths fluctuate too much
for the usual chain rule to work without correction @ksendal [2003], Mikosch [1998].

What changed with It6 calculus?

Classical calculus studies smooth change:

dz = predictable change.

It6 calculus studies change with randomness:

dX; = predictable change + random fluctuation.

This made it possible to use calculus in systems affected by uncertainty.

J

Itd’s work is now used in many fields. In physics, it helps describe random motion and diffusion. In biology, it can
be used in models of noisy population dynamics and systems affected by random environments. In finance, it became
central to mathematical models of asset prices and option pricing. In probability theory, it opened a new way to study
stochastic processes Mikosch [1998], @ksendal [2003], Black and Scholes [1973].

Including It0 is important for the inclusive aim of this chapter. Standard histories of calculus often focus mainly
on Europe from the seventeenth to nineteenth centuries. It&’s work reminds us that the history of calculus continued
into the twentieth century and became increasingly international. Modern calculus was shaped not only by classical
European analysis, but also by new questions, new applications, and mathematicians working across the world.

Modern calculus therefore shows that mathematics is never finished. The same questions that motivated earlier
mathematicians are still present, but they now appear in new forms. How does something change? How can we mea-
sure total accumulation? How can we predict motion? What happens when change is random, noisy, or too complex
for classical methods? From elasticity to optimisation, from numerical simulations to stochastic processes, calculus
continues to grow as a global language for understanding the world.

6.10 Conclusion: whose calculus?

Calculusis often introduced through a small number of famous names, especially Newton and Leibniz. Their contribu-
tions were extremely important, but the history of calculus is much wider than the story of two individuals. Calculus
was not created by one person, in one country, or at one single moment. It grew gradually from many attempts to
understand change, motion, area, volume, infinity, and accumulation Boyer [1959], Edwards [1979], Bressoud [2019].

When we look at the longer history, the story becomes richer and more global. Greek mathematicians developed
methods of exhaustion to study areas and volumes. Chinese mathematicians used approximation methods to study

' &
History of Maths \Q Queen Mary

Page 66 University of London




Greek
exhaustion

Modern global v
randomness and

computation

Chinese
approximation

Calculus
change
accumulation

<~ Islamic
European
- sums and
symbolic methods A
geometry

Indian
infinite series

Figure 43: A more inclusive history places calculus inside a wider network of cultures, problems, and mathematical
traditions.

curved shapes and numerical problems. Mathematicians in the medieval Islamic world worked on summation, geom-
etry, optics, and algebraic problems that belong to the prehistory of integration and optimisation. Indian mathemati-
cians, including Bhaskara Il and the Kerala school, studied small changes, trigonometric approximation, and infinite
series. European mathematicians later developed symbolic methods, infinitesimals, fluxions, differentials, and more
rigorous foundations. Women mathematicians such as Maria Gaetana Agnesi, Mary Somerville, and Sophie Germain
contributed to the teaching, circulation, and application of calculus despite serious barriers to education and recog-
nition. In the twentieth century, mathematicians such as Kiyosi It6 extended calculus into new areas such as stochas-
tic processes and random motion Katz [1995], Plofker [2009b], Joseph [2011], Robson and Stedall [2009], Stenhouse
[2020], O’Connor and Robertson [a,b].

This raises an important question: whose calculus do we usually learn about? If the history is told only as a Euro-
pean story beginning with Newton and Leibniz, then many people and traditions disappear from view. We lose sight of
the mathematicians who worked in different languages, in different cultures, and with different forms of notation. We
also risk forgetting those who were excluded from universities, academies, publications, or professional recognition
because of gender, geography, class, race, religion, or language.

A more inclusive history does not remove Newton and Leibniz from the story. Instead, it places them in a wider pic-
ture. Their achievement was to organise and systematise powerful methods for studying change and accumulation.
However, these methods built on earlier ideas and were later expanded, taught, criticised, refined, and applied by
many others. Calculus should therefore be seen as a shared human achievement, shaped by communication, trans-
lation, debate, exclusion, rediscovery, and collaboration Katz [2009], Cooke [2013a], Robson and Stedall [2009].

The history of calculus also teaches us something important about mathematics itself. Mathematics is not fixed
from the beginning. Ideas develop over time. Notation changes. Definitions become more precise. Methods that
once seemed unclear can later become rigorous. Problems from astronomy, physics, engineering, biology, finance,
and everyday life can lead to new mathematics. In this way, calculus is not only a collection of formulas, but a living
subject that continues to grow Bressoud [2019], Dunham [2005].

The final message of this chapter is that calculus belongs to a long international history of curiosity. It is a history
of people trying to understand how things move, how quantities change, how small pieces add up to a whole, and
how infinity can be used to solve real problems. By telling this wider story, we can help students see that mathematics
does not belong to only one culture or one group of people. Calculus, like mathematics itself, belongs to everyone.
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7 The Theory that would not die: Bayesian Probability

The title of this chapter is inspired by Sharon Bertsch McGrayne’s The Theory That Would Not Die (2011) McGrayne [2011].

What do guiding NASA’s Apollo missions to the Moon, locating the wreckage of Air France Flight 447° in the Atlantic
Ocean (2011) Stoneetal.[2014], Cornell University INFO 2040 Blog [2015], and improving Google DeepMind’s AlphaGo
before its historic victory over Lee Sedol (March 2016) Silver et al. [2016b] have in common?

The answer lies in Bayesian statistics. From recursive state estimation in spacecraft navigation, through Bayesian
search theory, to Bayesian optimisation in artificial intelligence, the underlying question for these problems is similar:
"How should uncertain beliefs be revised as new evidence arrives?".

This chapter follows the developments of the 18th-century theorem and how it evolved into one of the most pow-
erful computational tools in modern applied mathematics.

7.1 Was Bayes trying to calculate the existence of God in the 18th century?

The intellectual setting.

Thomas Bayes (1702 - 1761) lived during the Enlightenment, an intellectual movement of the seventeenth and
eighteenth centuries in which European philosophers, mathematicians, and scientists increasingly emphasised rea-
son, observation, and empirical evidence as ways of understanding both the natural and social world. Questions that
had traditionally belonged largely to philosophy or theology- How strong is the evidence for a claim? How certain can
we be about an event we did not observe directly?-were increasingly being examined via empirical observations adding
to the developments in mathematics and probability Hacking [1975], Stigler [1986a]. Probability itself had developed
rapidly from seventeenth-century work on games of chance, particularly through Pascal, Fermat, Huygens, and later
Jacob Bernoulli and Abraham de Moivre, see chapter 4. By Bayes’ lifetime, probability was therefore beginning to offer
a mathematical language not only for games of chance, but for reasoning about uncertain evidence.

In 1748, the Scottish philosopher David Hume (1711 - 1776) wrote in his second book Hume [1748], his ideas about
human nature. In particular, the idea that we are more influenced by our feelings than by reason. In Section X, "Of Mir-
acles", he questioned whether reason and testimony could justify belief in miraculous religious claims. Hume wrote:

"The Christian Religion [...] cannot be believed by any reasonable person without [a miracle]. Mere reason
is insufficient to convince us of its veracity." Hume [1748]

His arguments raised a question that has an unmistakably probabilistic character: How should our confidence in a
claim change when new evidence is presented? It was around the same time of Hume’s book publication that Thomas
Bayes investigated what would later be called an inverse-probability problem. Bayes did not publish his work dur-
ing his lifetime. Following his death in 1761, his friend Richard Price (1723 - 1791), a British moral philosopher, Non-
conformist minister and mathematician, discovered the manuscript, edited it, and forwarded it to the Royal Society,
where it appeared in 1763 as An Essay towards Solving a Problem in the Doctrine of Chances Bayes [1763]. Rather than
assuming that the probability of an event was known and predicting what observations should follow, Bayes asked
the reverse question: given repeated observations, what can be inferred about the unknown probability that produced
them?

Bayes’ square-table thought experiment with modern notation.

Bayes imagined a “square table or plane”? on which balls fall uniformly at random Bayes [1763]. After rescaling
the table to have length 1, let 6 € (0, 1) denote the position of the first ball, measured as the proportion of the table
lying to its left. In other words, @ measures only the distance from the left-hand edge of the table to the point where
the first ball lands, expressed as a proportion of the total table length. The vertical position of the ball is ignored.

success region failure region
1

0 1-46

9A useful contrast is the search for Malaysia Airlines Flight MH370. Bayesian methods were also used to estimate probable flight trajectories
and crash locations from sparse radar and satellite observations Davey et al. [2016]. Unlike Air France Flight 447, however, these estimated search
regions did not lead to recovery of the aircraft’s main wreckage. For Air France 447, investigators faced a comparatively constrained search-location
problem, whereas for MH370 they first had to infer an unobserved flight trajectory from sparse and indirect measurements before estimating where
the aircraft may have entered the ocean.
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Thus, before observing any subsequent throws, we can assign the unknown horizontal position 6 of the first ball a
uniform (prior) distribution,

6 ~ Unif(0,1) = Beta(1,1).
A subsequent ball bs is called success if it lands to the left of the first ball. Conditional on 6,

X, | 6 ~ Bernoulli(), P(X,=1]6)=0.

where X; = 1 if the ith ball lands to the left of b, and X; = 0 otherwise. After n independent throws, let S =
>, X; denote the total number of successful throws. Then the number of balls that land to the left of the initial
ball b; is modelled by

S | 6 ~ Binomial(n, ).

If we observe exactly S = s successful throws, the probability of this outcome, given 6, is

ps10)= (7)o -0

Note that this conditional density function is viewed as a function of the unknown parameter 6, and it is called the
likelihood. Since the factor () does not depend on 6, we may write

p(s]0) x°(1—6)"%.
Combining the likelihood with the uniform prior using Bayes’ rule gives

p(0 | s) ocp(s | 0)p(6).
Since the uniform prior satisfies p(#) = 1,0 < 6 < 1, we obtain

p(0] ) x (Z)esu 0" x 1o 5(1 — 6)" 5.

Although this has the same mathematical shape as the likelihood, this occurs because the prior is uniform and
therefore contributes no preference towards any particular value of 8. The observed data now determine how the
posterior probability is distributed across the possible values of . After normalisation,

0|S=s~Beta(s+1,n—s+1).

The prior represents uncertainty about the unknown position before observing the additional throws; the likeli-
hood records how compatible each possible value of ¢ is with the observations; and the posterior describes the
remaining uncertainty about 6 after the data have been observed.

9For more detailed mathematical and visual explanations of Bayes’ square-table experiment, see Begley Begley [2020] and the Cheenta
Probability Series Cheenta Academy. Accessible video demonstrations are also available here bay, Fry and Parker.

But was Hume the reason? This remains historically uncertain. One interpretation is that Bayes developed inverse
probability partly in response to Hume’s arguments concerning miracles: perhaps sufficiently strong accumulated
evidence could overcome the initially small probability assigned to an extraordinary claim.Stephen Stigler (1941),
a professor in Statistics, argues that a connection between Bayes, Price, and contemporary theological debates is
plausible Stigler [2013]. While, statisticians Dinizand Bellhouse argue that Bayes’ interest was primarily mathematical,
arising from problems encountered in de Moivre’s Doctrine of Chances, rather than from an attempt to refute Hume
Diniz and Bellhouse [2022]. Crucially, there is no surviving statement from Bayes confirming that refuting Hume
or proving the existence of God was his intention.

7.2 Laplace: Independently Developing and Extending Inverse Probability

Thomas Bayes’ essay of 1763 had solved a particular inverse problem: after observing a sequence of successes and
failures, how could one infer the unknown probability that generated them? Through his square-table construction,
Bayes effectively treated the unknown probability as uniformly distributed over (0, 1) and then updated this distribu-
tion using the observed data.
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Figure 44: Amodernillustration of Bayes’ square-table thought experiment. Bayes described a “square table or plane”,
rather than specifically a billiard or pool table, see Bayes’ original 1763 essay.

Pierre-Simon Laplace (1749-1827) independently developed the idea in a more general form. In his 1774 memoir,
Mémoire sur la probabilité des causes par les événements (“Memoir on the Probability of Causes from Events”), Laplace
distinguished between predicting an uncertain event when its cause (a different event) is known and the reverse prob-
lem in which the event has been observed but its cause remains unknown Laplace [1774], Stigler [1986b]. As Sharon
Bertsch McGrayne summarises it in The Theory That Would Not Die (2011),

"the probability of a cause (given an event) is proportional to the probability of the event (given its cause)."
McGrayne [2011]

Laplace did not state the general principle using modern conditional-probability notation. Instead Laplace’s state-
ment appears in Article Il of the 1774 memoir, shown in Figure 45. He explains that if an observed event can have
arisen from several possible causes, then the probabilities assigned to those causes after observing the event should
be proportional to the probabilities with which each cause would have produced that event Laplace [1774]. Under the
assumption that the possible causes are initially equally probable, the principle can be written in modern notation as

P(C; | E) x P(E | Cy).

Priscive. — St un evénernent peat éure produt par un nombre r de
cawuses differentes, les probabilites de existence de ces causes prises de
Uevenement sont énfre elles cornne fes Iun!:ub{ﬁﬂ-’; de I'événement P,i"(-y.'.(
de ces causes, ef la p."(lbrrbéﬁ'(c' de existence de chacune d'elles est égale a
ln probabilité de I événement prise de cette cause, divisce par la somme de
toutes les probabdites de U'événement prises de chacune de ces causes.

Figure 45: Laplace’s statement of his inverse-probability principle in Article Il of Mémoire sur la probabilité des causes
par les événements (1774); see the original facsimile.

Laplace’s urn problem: from past observations to future probability, see also Laplace [1774] for more details.
Laplaceillustrated his principle of inverse probability using an urn containing an infinite number of white and black

tickets in an unknown proportion.
Suppose that p white tickets and q black tickets have already been observed, and let x denote the unknown pro-

portion of white tickets in the urn.
If the true proportion were x, then in modern notation

P(white ticket | z) = z, P(blackticket | ) =1 — «.

Therefore, after observing p white tickets and ¢ black tickets, Laplace associated each possible value of x with the

. o
History of Maths &[ Queen Mary

University of London

Page 70


https://royalsocietypublishing.org/rstl/article/doi/10.1098/rstl.1763.0053/119736/LII-An-essay-towards-solving-a-problem-in-the
https://fr.wikisource.org/wiki/Page:Laplace_-_%C5%92uvres_compl%C3%A8tes,_Gauthier-Villars,_1878,_tome_8.djvu/41

quantity

2P(1 —x)?.

Thus, 2P(1 — )7 measures how compatible a particular value of x is with the observations already made.

He then asked a slightly different question from Bayes: given these past observations, what is the probability that
the next ticket drawn will be white?

For any fixed value of x, that probability is simply also just x, as the ratio shouldn’t change. However, since z is
unknown, Laplace considered all possible values of x between 0 and 1, weighting each according to «? (1 — z)4.
He denoted the resulting "entire probability" by FE:

i P(] — 1)4
P(z | pwhite, ¢ black) = P(pwhite, g black | ) P(x) _ oz (1-2)x1 ’

P(p white, g black) /1 2P(1 — z)?dx
0

1
E = P(white next | p white, g black) = / P(white next | «) P(x | p white, ¢ black) dz,
0

1
/xp+1(1—a:)qu
_Jo
T
/mp(l—x)qu
0

because we assume a uniform prior density on the continuous proportion variable x given by P(z) = 1 when
0 < z < 1. The denominator ensures that the weights assigned to all possible values of = are properly normalised,
while the additional factor z in the numerator accounts for the probability of drawing a white ticket for each possible
value of z.

Laplace evaluates the integral over a few pages, and gives the answer

)

. p+1
p+q+2

so E is the probability, inferred from the p + ¢ observations already made, that the next ticket drawn from the urn
will be white Laplace [1774].

McGrayne illustrates the difference in scope between Bayes and Laplace with the analogy

"If Bayes and Price asked whether today’s puddles could tell us whether it had rained yesterday and whether
it might rain tomorrow, Laplace asked how much rain might fall and then repeatedly revised that estimate
as additional information became available." McGrayne [2011]

The important extension was the possibility of repeated updating: as new observations arrived, the probability
assigned to an unknown quantity could be revised again.

Laplace’s work on probability soon developed alongside his work in astronomy and celestial mechanics. In Chap-
ter 2, "The Man Who Did Everything," McGrayne describes how eighteenth-century astronomers possessed observa-
tions extending over centuries, although the measurements differed greatly in precision and sometimes appeared
inconsistent with Newtonian celestial mechanics.!® One particularly troubling example concerned the apparent long-
term motions of Jupiter and Saturn. As McGrayne writes,

"...eventually, they thought, Jupiter would smash into the sun, and Saturn would spin off into space."
McGrayne [2011]

In his 1787 work Laplace [1787, 1788] on celestial mechanics, Laplace used gravitational theory and perturbation
methods to show that, despite their apparent changes in motion, Jupiter would not ‘smash into the Sun” and Saturn
would not ‘spin off into space”. Some of Laplace’s related work on probability and large-sample approximations is
discussed in Chapter 4.

10For examples of astronomical observations available before Laplace, see Flamsteed’s Historia Coelestis Britannica Flamsteed [1725]. For the
older European tradition of planetary tables, see Chabas and Goldstein Chabas and Goldstein [2012].
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7.3 Inverse probability in the nineteenth century

The nineteenth century was a period of rapid expansion in both probability theory and the use of mathematics to
analyse empirical observations. As discussed further in Chapter 4, Laplace developed generating functions and nor-
mal approximations; Siméon-Denis Poisson (1781 - 1840) extended the theory of repeated trials and introduced the
expression law of large numbers; Irénée-Jules Bienaymé (1796 - 1878) contributed to probability inequalities and
error theory; and Pafnuty Chebyshev (1821 - 1894) later established increasingly general results concerning averages,
inequalities and convergence Poisson [1837] Bienaymé [1853] Chebyshev [1867]

At the same time, probability and statistical methods were being applied to an expanding range of empirical data.
It was beginning to form what we would now recognise as statistical methodology. Astronomers and geodesists
continued to estimate unknown quantities from noisy measurements using methods associated with Laplace (1749 -
1827), Legendre (1752 - 1833) and Gauss (1777 - 1855), while Adolphe Quetelet (1796 - 1874) transferred ideas about
averages, variation and the normal law from astronomy to large collections of demographic and social observations
Stigler [1986a], Gauss [1809], Quetelet [1835]. McGrayne also writes

" James Clerk Maxwell (1831 - 1879), learned about probability from Adolphe Quetelet (1796 - 1874), not
from Laplace, and adopted frequency-based methods for statistical mechanics and the kinetic theory of
gases.", McGrayne [2011]

In modern language, the nineteenth century was beginning to face an early version of the “big data” problem:
scientists and governments were collecting increasingly large amounts of astronomical, demographic and social ob-
servations, creating a need for mathematical methods that could identify patterns, quantify uncertainty and estimate
unknown quantities from data. During the time inverse probability remained in use, particularly in applied problems
of estimation, but it was no longer the only framework through which mathematicians and scientists were learning
from uncertain observations.

The theory’s biggest difficulty was concerned with the probabilities assigned to unknown causes or parameters.
Bayes’ construction and many of Laplace’s calculations began by treating possible values as initially equally prob-
able. This assumption continued discussions in the 20th century, under the name of principle of indifference'*. For a
symmetric problem such as throwing an idealised fair die, assigning equal probabilities may appear natural. Foran un-
known planetary mass parameter, population parameter, or other continuous quantity, however, there is no obvious
reason why a lack of prior knowledge should imply that we assign equal initial probabilities to the model parameters.
George Boole (1815 - 1864) , John Venn (1834 - 1923) and Joseph Bertrand (1822 - 1900) criticised different aspects of
this reasoning Boole [1854], Venn [1866], Bertrand [1889]. In the chapter “Many doubts, few defenders” McGrayne
[2011] McGrayne discusses many arguments noted during the century about Laplace’s reasoning.

While John Maynard Keynes, see A Treatise on Probability (1921), Chapter XXX, “Statistical Inference”, around pp.
382 states

"...it has been very widely accepted, — by Augustus De Morgan (1806 - 1871), by William Stanley Jevons
(1835 - 1882), by Rudolf Hermann Lotze (1817-1881), by Emanuel Czuber (1851 - 1925), and by Profes-
sor Pearson, — to name some representative writers of successive schools and periods."Keynes [1921],
McGrayne [2011] McGrayne [2011]

The controversy was therefore increasingly about the interpretation of inverse probability rather than the validity
of conditional probability itself: could an unknown but fixed quantity legitimately be assigned a probability dis-
tribution, and how should that distribution be chosen? These questions remained unresolved at the end of the
nineteenth century. In the early twentieth century they became much sharper as alternative theories of statisti-
cal inference were developed. R. A. Fisher (1890 - 1926) would reject inverse probability as a general foundation for
parameter inference and develop likelihood-based methods that did not require prior probabilities Fisher [1922a],
while other mathematicians—including Harold Jeffreys (1891 - 1989), Dorothy Wrinch (1894 - 1976)'? and Bruno de
Finetti (1906 - 1985)—would instead attempt to place probabilistic inference on stronger foundations. The resulting
disagreement marks the beginning of the much more explicit twentieth-century debate over how statistical inference
should be performed.

11The expression “principle of indifference” was used prominently by Keynes in his Treatise on Probability (1921); related arguments had long
been discussed under the older expression “principle of insufficient reason”.

12porothy Wrinch (1894-1976) was a mathematician and philosopher of science, and the first woman to receive a Doctor of Science (DSc)
degree from Oxford University (awarded in 1929). She collaborated with Harold Jeffreys on probability and scientific inference between 1919
and 1923. Their work has been identified as an important conceptual precursor to Bayesian hypothesis testing and the later Bayes factor; Jeffreys
subsequently acknowledged Wrinch’s substantial contribution to the foundations of his work on scientific inference. An extract from Jeffreys’ book
on Probability Wrinch and Jeffreys [1919, 1921], Jeffreys [1973]
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7.4 So what is Bayes’ theorem today?

An excellent introductory Probability book is written by Tijms’ Understanding Probability Tijms [2012]. Chapter 8 de-
velops conditional probability, the law of total probability and Bayes’ rule before introducing Bayesian statistics for the
discrete case. Chapter 13 later extends these ideas to continuous random variables and continuous Bayesian models.
For readers already comfortable with these probability and calculus concepts, Gelman et al.s Bayesian Data Analysis
provides a natural next step Gelman et al. [2013]. A visual and intuitive explanation of Bayes’ theorem, is provided in
several YouTube video introductions, including 3Blue1Brown’s geometric explanation of Bayes’ theorem, as well as
further examples by RiskByNumbers and Brandon Rohrer. 3BluelBrown also explores Bayes’ rule through the medical
test paradoy, illustrating visually why base rates and prior probabilities matter when interpreting evidence.

Modern introductions to Bayes’ theorem usually begin with the discrete case!®. Suppose thattheevents By, . .., By,
represent all possible hypotheses, explanations or parameter values under consideration. For example, in Bayes’ ex-
periment, the unknown quantity was the position 6 of the first ball on the table, while in Laplace’s urn problem it
was the actual unknown proportion x of white tickets. These are assumed to be mutually exclusive, so that no two
can occur simultaneously, and exhaustive, so that one of them must occur.

Let A denote some observed evidence, or collected data. In Bayes’ experiment, this could be the observation
that, among n subsequent balls, s fell to the left of the first ball and n — s to its right. In Laplace’s urn problem, the
corresponding evidence was the observation of p white tickets and ¢ black tickets.

Two results from probability theory are needed. First, conditional probability is defined by

P(B; N A)
P(A)

Second, the law of total probability says that the probability of observing A can be found by considering all the
different hypotheses under which A could have occurred:

P(B; | A) =

k
P(A) =) P(A| B;)P(B;).
j=1

This can be visualised geometrically by dividing the event A into the mutually exclusive pieces contributed by each
possible hypothesis, as shown in Figure 46.

/ | T \
q A D
~— I
B, | B, | B, | e B..| B,

- J

Figure 46: Geometricillustration of the law of total probability. The sample space is partitioned into mutually exclusive
events By, ..., B,, and the probability of A is obtained by adding its intersections with each part of the partition.
Illustration source: Blog by Authors: Armin Nikzad and Fatima Mosallaei.

Since the intersection can also be obtained by P(B; | A)P(A) = P(B,NA) = P(An B;) = P(A | B;)P(B;),
substituting the law of total probability into conditional probability gives the modern discrete form of Bayes’ theorem:

P(A| B;)P(B;)

P(B; | A) = — .
ZP(A | Bj)P(B;)

(5)

Further details on conditional probability and the law of total probability can be found in Tijms [2012].

13For an intuitive geometric interpretation of the simplest two-event form of Bayes’ theorem, see Wikipedia and Geometric Bayes by Janosh
Riebesell. Both represent the sample space geometrically, with B as a hypothesis and A as the observed evidence, so that the relevant conditional
probabilities can be interpreted as areas within a square or rectangle.
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In words, Bayes’ theorem begins with probabilities assigned to the different possible hypotheses B;, asks how
compatible the observed evidence A is with each of them, and then uses this information to revise their probabilities
after the evidence has been observed. In modern Bayesian terminology this is often summarised as

posterior o likelihood x prior|. (6)

The same idea extends naturally to continuous problems. In the discrete case there is a finite or countable list of
possibilities, By, Bs, .. ., Bi. In a continuous problem, however, an unknown quantity may take any value within
aninterval. Forexample, an unknown probability might take any value between 0 and 1, rather than being restricted
to a list of possible values. Such an unknown quantity is commonly represented by a parameter such as 6.

To connect the discrete and continuous forms, let B; represent the event that an unknown parameter © takes the
value 6;, suppose that the hypotheses B; correspond to possible values of an unknown parameter ©, so that B; =
{© = 6,}, and let the observed evidence A correspond to observing the data . Then the discrete form of Bayes’
theorem, may equivalently be written in parameter notation as

Pz |6;) P(©=6;)

PO=6;|x)= k .
> P(x]6;) P(©=9;)
j=1
Here the possible parameter values 61, .. ., 0 still form a finite or countable collection. If © is instead continu-

ous, these individual probability masses are replaced by probability densities, and the sum over the possible values
0; becomes an integral over the continuum of possible values of §. This is the same mathematical transition from
summation to integration discussed in the Calculus chapter (see Section 6).

The continuous form of Bayes’ theorem is therefore

likelihood prior density

posterior density P .
P—— 0 0
T rle pe) | -

/WWWMu

marginal density p(x)
(evidence / normalising constant)

Here u is a dummy variable of integration. The denominator sums, or in the continuous case integrates, over all
possible values of the unknown parameter.

7.5 From inverse probability to competing theories of statistical inference (c. 1900-1954)

A new foundation for probability (1900-1933). At the beginning of the twentieth century, probability itself was
being reconstructed on firmer mathematical foundations. David Hilbert (1862-1943) called for its axiomatization in
his sixth problem of 1900; Emile Borel brought measure-theoretic ideas into probability, drawing on the emerging
theory of measure and integration developed by Borel and Henri Lebesgue, while Richard von Mises (1883-1953) de-
veloped an explicitly frequency-based interpretation. The mathematical development by Andrey Kolmogorov’s (1903-
1987) Grundbegriffe der Wahrscheinlichkeitsrechnung (1933), which defined probability axiomatically as a measure on
a space of events Hilbert [1900], Emile Borel [1909], von Mises [1919], Kolmogorov [1933b].

But the question of inverse probability persisted:

What exactly may be assigned a probability?

If 0 is a fixed quantity whose true value we do not know, can we assign probabilities to the
different values that 0 might take?

During the following decades of the twentieth century, several different answers were developed.
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Fisher: likelihood instead of inverse probability (1922-1935). Ronald Aylmer Fisher (1890-1962) developed a
non-Bayesian framework of statistical inference in which likelihood provided a way of comparing possible values of
an unknown parameter without assigning probabilities to those values. He then developed maximum likelihood
estimation and introduced concepts for assessing how much information about a parameter could be extracted from
data, including sufficiency, efficiency and statistical information. In parallel, he developed significance testing
and fiducial inference as an alternative way of making inferential statements about unknown parameters without
introducing Bayesian prior probabilities Fisher [1922b, 1925, 1930, 1935], Aldrich [1997]. While his rejection of inverse
probability was explicit. In 1930 he described it as a doctrine that appeared to

“a succession of sound writers to be fundamentally false and devoid of foundation” [Fisher, 1930, p. 528].

At Rothamsted, Fisher worked closely with his first statistical assistant, Winifred Alice Mackenzie (1896-1954),
who co-authored studies on rainfall, bacterial counts and crop variation, including an important 1923 paper connected
with the early development of analysis of variance Fisher and Mackenzie [1923], Taylor and Aldrich [2022]. Historians
have additionally documented the substantial workforce of women employed as computing assistants at Rotham-
sted, whose computational labour was rarely acknowledged in conventional accounts of the development of statistics
Parolini [2015].

Neyman and Pearson: hypothesis testing and error control (1928-1937). Jerzy Neyman (1894-1981) and Egon
Pearson'* (1895-1980) developed another non-Bayesian approach to statistical inference. Their work between 1928
and 1933 treated hypothesis testing as a decision between a null hypothesis H; and an alternative hypothesis
Neyman and Pearson [1928, 1933]. Instead of assigning initial probabilities to the hypotheses themselves, they asked
how often a testing rule would make the wrong decision if the same experiment were performed many times under
the same conditions:

P(reject Hy | Hy is true) and P(donotreject Hy | Hy istrue) . (8)

Type | error () Type ll error (3)

The power® of the test is the probability of correctly rejecting Hy when H; is true:

P(reject Hy | Hyistrue) =1 — g. (9)

Neyman applied the same idea to his 1937 theory of confidence intervals Neyman [1937]. Fisher and Neyman-
Pearson are now often grouped together as “frequentist”, although their interpretations of statistical testing differed
substantially. Later textbooks on Statisitcs often combined Fisherian p-values/significance testing with Neyman-Pearson
terminology and error-control machinery, despite disagreements between their founders Lehmann [2011], Perezgon-
zalez [2015].

Wrinch, Haldane and Jeffreys: probabilities of hypotheses (1919-1946). Meanwhile, Dorothy Wrinch (1894-
1976) and Harold Jeffreys (1891-1989) were developing almost the opposite framework. Between 1919 and 1923 they
treated probability as a logic for reasoning about scientific propositions Wrinch and Jeffreys [1919, 1921, 1923]. In
1921 they wrote that

“an inference drawn from a simple scientific law may have a very high probability, not far from unity”
[Wrinch and Jeffreys, 1921, p. 380].

J. B. S. Haldane (1892-1964) developed an early Bayesian approach to hypothesis testing.. He introduced a prior
in which an exact hypothesis, such as “there is no effect” (§ = 0), could itself be assigned some probability, while
the remaining probability was spread continuously over possible alternatives Haldane [1932], Etz and Wagenmakers
[2017]. Jeffreys then developed Bayesian significance tests in 1935 and systematically in Theory of Probability (1939)
Jeffreys [1935, 1939].

Jeffreys also returned to the old difficulty of choosing a prior. His 1939 book developed invariant approaches to
prior choice, and his 1946 paper gave the general Fisher-information rule 7 ;(8) o y/det I(0), whichisinvariantunder
smooth one-to-one reparameterisations Jeffreys [1939, 1946].

4Karl Pearson founded the world’s first university statistics department was founded in 1911 at University College London (UCL). His student
Florence Nightingale David, who would publish her work under the nickname F.N. David, later became the first woman professor in the depart-
ment. Her research focused heavily on classic frequentist tools like goodness-of-fit tests, the behaviour of correlation coefficients, and tests for
randomness.

15Dr Nic has an excellent YouTube video explaining Type 1 and Type 2 errors in more detail.
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Wald and Savage: inference becomes decision-making (1939-1954). Abraham Wald'® (1902-1950) reframed the
problem at hand. From 1939 onward he treated estimation and hypothesis testing as instances of a more general
decision problem: after observing data, a statistician must choose some action a. This action is evaluated through a
loss function L(a, §), which measures the cost of taking action a when the true but unknown, model parameter is 0
Wald [1939, 1950].

Using a Bayesian approach, first we update the probability distribution of the unknown parameter  after observing
the data, and then chooses the action with the smallest expected loss under that posterior distribution Wald [1950],
Savage [1954]. In other words, the preferred action is the one expected to perform the best given what is now known
about 6. Leonard J. Savage (1917-1971) developed this connection further in The Foundations of Statistics (1954),
giving subjective Bayesian probability a decision-theoretic foundation based on personal probabilities and expected
utility Savage [1954].

Wald’s work on sequential analysis was an important precursor to Richard Bellman’s (1920-1984) development
of dynamic programming. Bellman described his new theory as "intimately related"” to Wald’s sequential analysis
Bellman [1952], while his broader development of dynamic programming also drew on work on sequential decision
problems and multi-stage optimisation Bellman [1952, 1957]. Dynamic programming later became foundational to
optimal control, Markov decision processes and reinforcement learning?’.

7.6 Bayesian inference at Bletchley Park: Turing, Good and Naval Enigma (c. 1940-1943)

Although inverse probability had already found applications in astronomy, geodesy, population and mortality statis-
tics, insurance and actuarial science during the nineteenth and early twentieth centuries McGrayne [2011], Hacking
[1975], Franklin [2001], the Second World War produced one of the most remarkable practical applications of proba-
bilistic and Bayesian reasoning.

In Part Il: Second World War Era of The Theory That Would Not Die, McGrayne devotes considerable attention to the
problems faced during the war McGrayne [2011]. Importantly, her account emphasises that British cryptanalytic work
at Bletchley Park did not begin from nothing. The Polish Cipher Bureau had already made substantial progress against
German Enigma during the 1930s. She writes,

“By early 1938 the Poles were reading 75% of Germany’s army and air force messages.” McGrayne [2011].

The mathematicians Marian Rejewski, Jerzy R6zycki and Henryk Zygalski had developed mathematical, mechani-
caland paper-based methods for attacking the German Enigma system. Shortly before the outbreak of warin 1939, the
Polish cryptanalysts shared their discoveries with British and French intelligence, providing an important foundation
for the subsequent work at Bletchley Park McGrayne [2011], Hodges [2014], Hinsley and Stripp [1993].

The increasingly mechanical character of cryptography also changed the type of expertise required by the British
Government. Alastair Denniston, head of the Government Code and Cypher School, deliberately began recruiting
mathematicians from British universities, including Alan Turing (1912-1954), Gordon Welchman (1906-1985) and Max
Newman (1897-1984). Turing subsequently took on the particularly difficult problem of German Naval Enigma and
became a central figure in Hut 8. Irving John Jack” Good (1916-2009), originally trained as a pure mathematician,
joined Bletchley Park in 1941 and later described himself as Turing’s main statistical assistant” during the war Good
[1979].

This was nevertheless a much broader collaborative cryptanalytic effort rather than the work of Turing alone.
Different German communications systems were being attacked by different groups, and some were already yielding
results during the early months of the war. McGrayne notes that

“By January [1940] the English were reading German air force messages.”” McGrayne [2011].

Progress against Naval Enigma, however, presented a substantially more difficult problem. The German Navy em-
ployed Enigma with more sophisticated operating procedures than the other German services; GCHQ’s historical ac-
count consequently describes it as the hardest cryptanalytic problem facing Bletchley Park. It was this problem that
Turing chose to attack and within which probabilistic reasoning, Banburismus and the weighing of evidence would
become particularly important.

16 jordan Ellenberg, a professor of mathematics, famously opens with Abraham Wald and the missing bullet hole in his 2014 book How Not to Be
Wrong: The Power of Mathematical Thinking. You can also find his talk at The Royal Institution on YouTube.

17Reinforcement learning later became a central component of several major artificial-intelligence systems developed by DeepMind (now Google
DeepMind). AlphaGo combined deep neural networks, tree search, supervised learning from expert human games and reinforcement learning
through self-play to achieve professional-level and subsequently superhuman performance in Go Silver et al. [2016a]
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Women at Bletchley Park. Women played a significant role both in the mathematical work at Bletchley Park and in
putting its cryptanalytic methods into practice. The mathematician Joan Clarke (1917-1996), who worked alongside
Turing in Hut 8, became particularly skilled at the process Banburismus*®.

The contribution of women extended far beyond Hut 8. Around 75% of the Bletchley Park workforce were
women'® | in roles including cryptanalysis, linguistics, traffic analysis, interception, clerical work and the operation
of cryptanalytic machinery GCHQ [2017]. Members of the Women’s Royal Naval Service (Wrens), for example, oper-
ated the Bombe machines used to test possible Enigma settings. Among the notable women were Mavis Batey, whose
work against Enigma later proved important to Allied preparations for D-Day, and Charlotte “Betty” Webb, who worked
with German intercepts and later with Japanese communications.

For further historical accounts, see Philippa Lacey’s interview with Sir Dermot Turing, The Hidden Women Code-
breakers of World War II. For the wider international story of women in wartime cryptanalysis, see Liza Mundy’s book
Code Girls: The Untold Story of the American Women Code Breakers of World War Il (2017) and her Talks at Google pre-
sentation.

Figure 47: Women in Bletchley Park, (date of image: unknown); Source: Wikipedia.

The problem: Naval Enigma and Bayesian hypothesis testing

The Enigma machine encrypted each letter through a plugboard and a sequence of rotating wired rotors. For more
informaiton, Alexander’s post-war history and Mahon’s History of Hut Eight are excellent sources for Naval Enigma
Alexander [1945], Mahon [1945]. Because the rotors moved as the machine was used, the substitution continually
changed. Knowing how an Enigma machine worked was therefore not enough: the cryptanalysts had to infer its un-
known configuration from intercepted messages and other evidence.

For Naval Enigma, the difficulty could be formulated partly as a problem of hypothesis testing, more specifically
Bayesian Hypothesis Testing. Cryptanalysts compared pairs of intercepted messages by shifting one ciphertext rela-
tive to another. A proposed alignment represented a hypothesis that portions of the two messages had been enci-
phered at corresponding Enigma positions. If an alignment produced an unusually large number or pattern of letter
coincidences, this provided evidence that the two portions were in depth — that is, that corresponding letters had
passed through the same sequence of Enigma substitutions. Probable depths could then be combined to infer rela-
tionships between message settings and to eliminate unlikely rotor orders, greatly reducing the subsequent search
Turing [1941], Alexander [1945], Zabell [2012].

Let H; and Hy denote two competing hypotheses about the cipher configuration, and let E denote the observed
evidence—for example, the pattern of coincidences produced by a particular message alignment. In odds form, Bayes’
theorem gives

P(H, | E) _ P(H,) P(E|H) (10)
P(Hy | E)  P(Hy) P(E|H)
—_—— ——

posterior odds priorodds  Bayes factor
(likelihood ratio)

18Banburismus was a statistical cryptanalytic procedure developed by Turing for Naval Enigma. Evidence from intercepted messages was ac-
cumulated and expressed through logarithmic weights of evidence, or decibans, in order to rank possible rotor orders and reduce the amount of
Bombe processing required Good [1979], Zabell [2012].

19Source: Wikipedia
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Figure 48: A German Enigma machine. Source: Figure 49: Turing’s Vigenére cipher examplein The
Wikipedia. Applications of Probability to Cryptography. Read
the original text.

Thus the prior odds are multiplied by a likelihood ratio measuring how strongly the observed evidence favours
one hypothesis over the other. Turing described this idea in his wartime manuscript The Applications of Probability to
Cryptography, calling it the factor principle Turing [1941], Zabell [2012].

Because the calculations required the multiplication of many such factors, Turing expressed the resulting weight
of evidence on a logarithmic scale using the deciban Turing [1941], Good [1979],

(11)

D =10log,, (P(E | H1)> .

P(E | Ho)

Ten decibans multiplied the odds by 10, while one deciban changed them by a factor of 10°-! ~ 1.26. These ideas
formed part of Turing’s statistical procedure known as Banburismus, which allowed the accumulation of evidence for
or against candidate rotor relationships and thereby eliminate unlikely rotor orders before committing scarce Bombe
time Good [1979], Alexander [1945], Zabell [2012].

The importance of Turing’s contribution was therefore not the invention of Bayesian hypothesis testing itself,
which had earlier roots in the work of Wrinch, Haldane and Jeffreys Wrinch and Jeffreys [1919, 1921, 1923], Haldane
[1932], Jeffreys [1935], Etz and Wagenmakers [2017]. His important contribution was to make these ideas practical.
As new clues were obtained, the cryptanalysts could increase or decrease their confidence in different possible Enigma
settings, gradually narrowing down the possibilities. Good later documented and further developed the wartime sta-
tistical ideas into the public literature here Good [1950, 1979].

7.7 The computationalrevolutionin Bayesianinference: from Bayes’ theorem to algorithms
(c. 1950-present)

Post-1950 history of Bayesian statistics can be viewed as three connected developments:

Computation :how can difficult posterior distributions be calculated?
Modelling :what kinds of unknown objects can carry probability distributions?
Learning and decisions : how can uncertainty be used for prediction and action?

7.7.1 The computational revolution

The history of Bayesian computation also includes several women whose contributions are easily hidden by the names
later given to the algorithms. The original 1953 Metropolis paper was co-authored by the physicists Arianna Rosenbluth
and Augusta Teller Metropolis et al. [1953]. Rosenbluth played a particularly important role in turning the proposed
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method into a working program on the early MANIAC computer at Los Alamos; later historical accounts have empha-
sised that her computational contribution was for many years under-recognised Gubernatis [2005].

Several decades later, the statistician Nicky Best became an important figure in making Bayesian computation
accessible to applied researchers. From 1996 she led work at Imperial College expanding WinBUGS, which allowed
complicated Bayesian models to be fitted using MCMC without users having to construct every sampling algorithm
themselves Lunn et al. [2000, 2009].

For readers who want to study these methods in detail today, Robert and Casella’s Monte Carlo Statistical Methods
gives a standard route into MCMC Robert and Casella [2004], Chopin and Papaspiliopoulos provide an introduction to
particle filters and particle MCMC Chopin and Papaspiliopoulos [2020], and Murphy’s Probabilistic Machine Learning:
An Introduction gives an introduction to approximate inference, including variational ideas, in the wider machine-
learning setting Murphy [2022].

Bayesian inference

{ Computational J

[ MCMC J [ Sequential inference } { A|?prommate }
inference
¢ . ¢ " \
Metropolis Kalman filter Variational inference
(1953) (1960)
Metropolis et al. Kalman (1999)
Jordan et al.
\ \
Metropolis-Hastings Particle filter
(1970) (1993)
Hastings Gordon et al.
/ \ |
Gibbs sampling Hamiltonian MC Particle MCMC
(1984) (1987) (2010)
Geman and Geman Duane et al. Andrieu et al.

Figure 50: Selected developments in Bayesian computation after 1950.

7.7.2 The modelling revolution

Women also made important contributions to the increasingly flexible models shown in Figure 51. In 1970 the statis-
tician Grace Wahba, together with George Kimeldorf, established an important correspondence between Bayesian es-
timation of random functions and smoothing splines Kimeldorf and Wahba [1970]. Wahba’s later work on smoothing,
regularisation and reproducing-kernel methods became an important part of the mathematical background linking
Bayesian function estimation with modern kernel methods.

The biostatistician Sylvia Richardson likewise contributed to the development of flexible Bayesian mixture models.
Her 1997 paper with Peter Green developed a fully Bayesian analysis in which even the number of mixture components
was unknown, using variable-dimension MCMC Richardson and Green [1997].

To study this areain detail today, Gelman et al.’s Bayesian Data Analysis and Hoff’s A First Course in Bayesian Statisti-
cal Methods are strong starting points for hierarchical and multilevel modelling Gelman et al. [2013], Hoff [2009]; Hjort,
Holmes, Miiller and Walker’s Bayesian Nonparametrics gives a focused route into Dirichlet-process and related models
Hjort et al. [2010]; and Rasmussen and Williams’ Gaussian Processes for Machine Learning is the standard reference for
the function-space side of the subject Rasmussen and Williams [2006].
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Figure 51: Selected developments in Bayesian modelling after 1950. Bayesian uncertainty expanded from parameters
to distributions and functions.

7.7.3 Bayesian ideas in machine learning and decision-making

An important figure in the history of Bayesian decision theory was the African-American mathematician David Black-
well (1919-2010). Blackwell made fundamental contributions to probability, game theory, information theory and
Bayesian inference, and his 1954 book with Meyer Girshick, Theory of Games and Statistical Decisions, helped develop
Bayesian approaches to sequential decision problems Blackwell and Girshick [1954]. His career is remarkable as he
pursued this work while facing racial discrimination in American academia.

The later development of Bayesian machine learning was similarly international. The Israeli-born computer sci-
entist Daphne Koller became a major contributor to probabilistic graphical models and their application to complex
problems in artificial intelligence Koller and Friedman [2009], while the Iranian-born researcher Zoubin Ghahramani,
also Vice President of Research at Google DeepMind, contributed to variational inference, probabilistic machine learn-
ing and Bayesian nonparametric methods Jordan et al. [1999]. Bayesian decision-making also involved women in
major applications: Colleen Keller was one of the analysts and authors of the Bayesian search analysis used in locat-
ing the wreckage of Air France Flight AF447 Stone et al. [2014].

Koller and Friedman’s Probabilistic Graphical Models is a standard text for structured probabilistic models Koller
and Friedman [2009], Murphy’s Probabilistic Machine Learning: An Introduction gives a broad modern route through
probabilistic prediction and learning Murphy [2022], Berger’s Statistical Decision Theory and Bayesian Analysis remains
a stro ng reference for the decision-theoretic side Berger [1985], and Garnett’s Bayesian Optimization is a focused mod-
ern text on sequential design and optimisation Garnett [2023].
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Figure 52: Selected developments and applications of Bayesian ideas in machine learning and decision-making.

Bayesian methods today. Bayesian research continues to develop rather than forming a finished theory. For read-
ers interested in current work, the International Society for Bayesian Analysis (ISBA) maintains conferences, work-
shops and specialist research communities, while its journal Bayesian Analysis publishes current methodological and
applied research. Active university groups include UCL Statistical Science and the Bayesian Computational Statis-
tics and Modeling group at KAUST, which develops scalable Bayesian methods including R-INLA, spatial and spatio-
temporal models and approximate inference. KAUST also hosts a Bayesian Deep Learning group, illustrating the con-
tinuing interaction between Bayesian inference, Gaussian processes and modern neural networks.

7.8 Conclusions

From Bayes and Laplace to modern computation and machine learning, Bayesian inference has developed into a gen-
eral framework for learning from evidence under uncertainty.

Bayesian ideas have also returned to a much older question: how do humans reason under uncertainty? The psy-
chologist Daniel Kahneman (1934-2024), whose work with Amos Tversky transformed the study of judgement and
decision-making, explicitly describes Bayes’ rule as the normative rule for combining prior beliefs with the diagnos-
ticity of new evidence, while noting that intuitive judgement often fails to do this correctly [Kahneman, 2011, p. 154].

More recently, the psychologist and neuroscientist Lisa Feldman Barrett (b. 1963) has connected Bayesian ideas
with theories of perception and learning. Barrett describes the brain as a predictive system that uses past experience to
form hypotheses about incoming sensory information and revises those predictions in light of new evidence Barrett
[2017]. In the scientific notes accompanying How Emotions Are Made, she explicitly connects this predictive-coding
framework with Bayes’ theorem and Bayesian inference.

Thus, Bayesian reasoning returns to its original problem: How should we change what we believe when new
evidence arrives?
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